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ARTICLE INFO ABSTRACT
Article history: Volcanic rocks typically contain heterogeneities in the form of crystals and pores. We investigate here the influ-
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ence of such heterogeneity on the strength of volcanic rocks using an elastic damage mechanics model in which
we numerically deform two-dimensional samples comprising low-strength elements representing crystals and
zero-strength elements representing pores. These circular elements are stochastically generated so that there
is no overlap in a medium representing the groundmass. Our modelling indicates that increasing the fraction
of pores and/or crystals reduces the strength of volcanic rocks, and that increasing the pore fraction results in
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Pore larger strength reductions than increasing the crystal fraction. The model also highlights an important weakening
Crystal role for pore diameter, but finds that crystal diameter has a less significant influence for strength. To account

for heterogeneity (pores and crystals), we propose an effective medium approach where we define an effective
pore fraction ¢,=V,/(V,+ V,) where V,, and V, are the pore and groundmass fractions, respectively. Highly
heterogeneous samples (containing high pore and/or crystal fractions) will therefore have high values of ¢},
and vice-versa. When we express our numerical samples (more than 200 simulations spanning a wide range
of crystal and pore fractions) in terms of ¢}, we find that their strengths can be described by a single curve for
a given pore diameter. To provide a predictive tool for the strength of heterogeneous volcanic rocks, we propose
a modified version of 2D solution for the Sammis and Ashby (1986) pore-emanating crack model, a
micromechanical model designed to estimate strength using microstructural attributes such as porosity, pore
radius, and fracture toughness. The model, reformulated to include ¢}, (and therefore crystal fraction), captures
the strength curves for our numerical simulations over a sample heterogeneity range relevant to volcanic
systems. We find that published experimental data (for which the porosity and crystal fraction is known)
correlate well with our modelled curves, adding validity to our approach. We present herein a 2D analytical
tool to estimate the strength of volcanic rock that can be used when the porosity, crystal fraction, and maximum
pore diameter are known.

Uniaxial compressive strength
Numerical modelling
Effective medium approach

© 2016 Published by Elsevier B.V.

1. Introduction

A volcanic edifice is constructed from the products of successive ef-
fusive and/or explosive events and endogenous intrusions (Borgia and
Linneman, 1990; Kaneko, 2002; Biggs et al., 2010; Odbert et al., 2015).
The structural stability of this structure — its predisposition for devas-
tating collapse — relies, in part, on the strength of these materials
(Voight and Elsworth, 1997; Voight, 2000). The volcanic rocks forming
the edifice are typically heterogeneous, a consequence of their complex
genesis, and often contain crystals and pores of varying size, shape, and
abundance. The result of this vast heterogeneity is that the compressive
strength of volcanic materials can vary from a couple of MPa (e.g., Heap
et al., 2012) to many hundred MPa (e.g., Vasseur et al., 2013).
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The abundance (e.g., Kueppers et al., 2005; Wright et al., 2009;
Farquharson et al, 2015; Lavallée et al., 2016) and diameter
(e.g., Wright et al., 2009; Shea et al., 2010; Heap et al., 2014a) of pores
within volcanic rocks varies tremendously. These pores are the frozen
relicts of gas exsolution in ascending magma (e.g., Sparks, 1978;
Toramaru, 1989; Mangan and Cashman, 1993; Navon and Lyakhovsky,
1998; Gonnermann and Manga, 2013) or those remaining after partial
welding (Wadsworth et al., 2014). The porosity of an extruded (and
cooled) volcanic rock is a function of numerous intertwined factors
during its genesis, including the initial dissolved volatile content in the
magma, the rate of ascent (dependent on volatile content, crystal con-
tent, and melt viscosity, amongst others; see Gonnermann and Manga,
2013 and references therein), and the ability of the magma to outgas
either up through the conduit or laterally into the country rock
(Jaupart, 1998). The diameter of the preserved pores, and their diameter
size distribution, also depends on numerous interconnected factors: the
melt viscosity, the magma volatile content and type, and decompression
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rate, amongst others (e.g., Shea et al., 2010; Gondé et al., 2011;
Gonnermann and Manga, 2013 and references therein). The result of
this extremely complex genesis is that the porosity of volcanic rocks
can range from almost O to almost 1 (e.g., Kueppers et al., 2005;
Wright et al.,, 2009; Farquharson et al., 2015; Lavallée et al., 2016), and
pore diameter can span multiple orders of magnitude (typically from
a few tens of microns to a few mm; Wright et al., 2009; Shea et al.,
2010; Heap et al.,, 2014a). We note that “mega vesicles” can be several
tens of cm (Self et al., 1997 and references therein).

The abundance and size of crystals within volcanic rocks also varies
tremendously (Marsh, 1988), both of which depend on the kinetics of
crystal nucleation and growth in the magma from which they form.
Crystals will nucleate in magma when the melt phase is sufficiently
undercooled or supersaturated; the rate of nucleation is controlled by
the degree of undercooling and supersaturation and directly affects
the resultant crystal number density and growth rate (e.g., Spohn
et al., 1988) and, therefore, the final size distribution (Marsh, 1988;
Cashman and Marsh, 1988; Gonnermann and Manga, 2013). Such
undercooling is often a consequence of exsolution of magmatic volatile
phases (Applegarth et al., 2012; Hammer, 2004). Additionally, nucle-
ation and growth of anhydrous crystal phases act as a positive feedback
by further enriching the melt in volatiles or inhibiting cooling (Blundy
et al., 2006). Since the volatile, bubble, and crystal content of the melt
all impact the suspension viscosity (Hess and Dingwell, 1996; Mader
et al., 2013), devolatilisation and crystallisation are complex and
coupled processes that feedback to one another during shallow
magma ascent. The consequence of this complex and varied genesis is
that the crystal content of volcanic rocks can also range from almost 0
to almost 1 (e.g., Marsh, 1981; Brophy, 1991; Blundy et al., 2006).
Additionally, crystal sizes typically vary from phenocrysts (greater
than 0.5 mm in length) to microlites (less than 0.1 mm) (e.g., Cashman
and Marsh, 1988). We note that “megacrysts” can be several cm
(e.g., Gutmann, 1977).

The strength of volcanic rocks is known scale with porosity
(e.g., Al-Harthi et al., 1999; Heap et al. 2014a,b; Schaeffer et al., 2015)
and pore diameter (e.g., Vasseur et al., 2013; Heap et al.,, 2014b). How-
ever, while crystal content has been shown to be an important factor
controlling the rheology and onset of brittle behaviour in magmas
(Caricchi et al., 2007; Lavallée et al., 2007, 2008; Cordonnier et al.,
2009, 2012; Kendrick et al., 2013), the influence of crystal content and
size on the strength of volcanic rocks remains poorly constrained. Isolat-
ing the influence of a particular parameter on the strength of volcanic
rocks, in order to understand their various contributions, is challenging
due to their highly variable nature. For example, a suite of samples with
different porosity may also contain different pore and crystal size distri-
butions and/or different crystal contents. With the aim of understanding
the influence of such heterogeneity (pores and crystals) on the strength
of volcanic rocks, we have used the Rock Failure and Process Analysis
code (RFPA,p) model (e.g., Tang, 1997), a numerical model based
on elastic damage mechanics. We use the model to deform two-
dimensional numerical samples that consist of heterogeneities — low
strength elements representing crystals and zero-strength elements
representing pores — that are stochastically generated in a medium
representing the groundmass. The RFPA,p model has been previously
used to investigate the influence of porosity and pore diameter (Heap
etal., 2014b) and pore overpressure (Heap et al., 2015a) on the strength
of volcanic materials.

2. Description of the model: rock failure and process analysis code
(RFPA;p)

The RFPA,p model (e.g., Tang, 1997) assumes that the volcanic rock
modelled herein reacts in an elastic and brittle manner to an external
stress. Indeed, we anticipate that volcanic rocks of the edifice reside at
temperatures sufficiently low to ensure the groundmass is quenched
to a glass or is microcrystalline, and that any temperature fluctuations

will rarely exceed the glass transition. The numerical samples are
deformed uniaxially in our simulations (see below section) and our out-
put should only therefore be applied to deformation within the upper
edifice (>1 km) where the rocks dilate in response to a differential
stress. Compactant micromechanisms, such as cataclastic pore collapse,
are likely to dictate the deformation of porous rock deeper in the edifice
(Heap et al,, 2015b).

2.1. Description of the numerical samples

This paper aims to tackle the impact of heterogeneity on strength by
complementing the simulations presented in Heap et al. (2014b), which
address the influence of porosity and pore diameter on the strength of
crystal-free rocks, with new simulations designed to address the influ-
ence of crystal size and crystal content on the strength of volcanic rocks.

All of the numerical simulations presented in this study uniaxially
deform a two-dimensional rectangular sample, 40 mm in length and
20 mm in width (consisting of 80,000 square elements with sides of
0.1 mm). The generated samples comprise a groundmass that can be
populated with pores and/or crystals. The groundmass of each sample
was assigned the same macroscopic physical and mechanical properties
(Table 1). To reflect microscale material heterogeneity (small length-
scale variations in microlite number density and size, or glass strength),
each 0.1 mm square element was assigned a value of strength
(compressive 0 and tensile 0,) and Young's modulus Ey using a
Weibull probability density function (Weibull, 1951; Wong et al., 2006):

- (&) ol ()]

where x(u) is either o.(u), 0y-(u), or Eg(u) and u and ug are the scale
parameter of an individual element and the scale parameter of the
average element, respectively (which both depend on the parameter
in question). We chose to let the groundmass homogeneity factor m,
the Weibull shape parameter, to be 3 in all of our numerical simulations
(more discussion on m is provided in Xu et al., 2012 and Heap et al.,
2015a). The modelled output showed that the strength of a porosity-
free numerical sample (553 MPa, see Heap et al. 2014b) is close to
that of an experimentally deformed borosilicate glass (~600 MPa, see
Vasseur et al., 2013), serving to validate our choice of macroscopic
physical and mechanical properties (Table 1) and shape parameter m.
Porosity was introduced in the form of circular pores, which were
placed in the groundmass at random and without overlap. The two-
phase (groundmass and pores) simulations of Heap et al. (2014b)
used porosities of 0.02, 0.05, 0.1, 0.2, 0.25, 0.3, 0.35, and 0.4. For each
value of porosity, samples that contained pore diameters of 0.1, 0.3,
0.5, and 1 mm were prepared (a total of 36 different combinations).
The simulations unique to this study were either two-phase (ground-
mass and crystals) or three-phase (groundmass, pores, and crystals).
The crystals, circular in shape, were introduced first. We chose to create
samples containing crystal fractions of 0.02, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3,
0.35, or 0.4, which were placed in the numerical samples at random and
without overlap. The macroscopic physical and mechanical properties

Table 1

The physical and mechanical properties of the groundmass used in the Rock Failure and
Process Analysis code (RFPA,p) numerical modelling. The same input values as in Heap
etal. (2014b).

Homogeneity index 3
Mean uniaxial compressive strength [MPa] 2300
Mean Young's modulus [GPa] 100
Poisson's ratio 0.25
Ratio of compressive to tensile strength 10
Frictional angle [degrees] 30
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Table 2
The physical and mechanical properties of the crystals used in the rock failure and
process analysis code (RFPA,p) numerical modelling.

Homogeneity index 1
Uniaxial compressive strength [MPa] 1250
Young's modulus [GPa] 70
Poisson's ratio 0.25
Ratio of compressive to tensile strength 10
Frictional angle [degrees] 30

of the crystals (Table 2) were chosen so that the crystals were weaker
than the groundmass. We lowered the strength, the Young's modulus,
and reduced homogeneity factor m to make the crystals more heteroge-
neous than the groundmass. Crystals in volcanic rocks often contain
microcracks and defects (plagioclase crystals, for example, can be
twinned and are often fractured). Indeed, previous experimental
studies on the brittle deformation of volcanic materials have shown
pervasive microcracking in the crystal phase (e.g., Lavallée et al.,
2007). The RFPA,p model determined that a sample composed of a
crystal fraction of 1 (i.e., porosity-free) had a uniaxial compressive
strength of 125 MPa, compared to 553 MPa for a sample containing a
groundmass fraction of 1 (i.e., crystal-free; Heap et al. 2014b). For
each value of crystal content, we generated samples that contained
crystal diameters of 0.3, 0.5, 1.0, 1.5, or 2.0 mm. For the three-phase
rocks, there was a final step: the addition of porosity as circular pores.
The circular pores were placed so that there was no overlap with the
crystal phase or each other. We used porosity fractions of 0.05, 0.1,
and 0.25 and pore diameters of either 0.5 or 1 mm. We note that the
model was unable to generate samples with high porosities and high
crystal fractions. In total, we performed over 200 simulations (with
almost 150 unique to this study).

Examples of the two-phase (groundmass and pores, and ground-
mass and crystals) and three-phase (groundmass, pores, and crystals)
numerical samples are provided as Fig. 1.

10 mm groundmass
pore ‘e

crystal

groundmass = 0.75
crystals (1 mm) = 0.1

porosity (0.5 mm) = 0.05

groundmass = 0.8
crystals =0
porosity (1 mm) = 0.2

groundmass = 0.8
crystals (1 mm) = 0.2
porosity = 0

Fig. 1. Examples of the numerically generated samples. Samples are 40 mm long and
20 mm in diameter. (a) Two-phase sample containing a porosity of 0.2 (diameter
1 mm). (b) Two-phase sample containing a crystal fraction of 0.2 (diameter 1 mm).
(c) Three-phase sample containing a porosity of 0.05 (diameter 0.5 mm) and a crystal
fraction of 0.1 (diameter 1 mm).

2.2. Deforming the numerical samples

The numerical samples were deformed uniaxially (07 > 0> and 0, =
03 = 0) in 0.002 mm increments (corresponding to axial strain incre-
ments of 0.005%). Following each uniaxial loading increment, the stress
acting on each 0.1 mm element was calculated. If no elements were
damaged in a particular loading increment, the numerical sample was
subjected to the next 0.002 mm displacement increment. However, if
the stress acting on a particular element met one of the two strength
criteria (the maximum tensile strain criterion and the Mohr-Coulomb cri-
terion), the element was considered damaged and its Young's modulus
modified according to an elastic damage constitutive law (see Lemaitre
and Chaboche, 1990; Xu et al,, 2012; Heap et al. 2014b, 2015a). The tensile
strength criterion was more likely to be met since the tensile strength
has been set as a tenth of the compressive strength (Tables 1 and 2;
Jaeger et al., 2007). If any elements were damaged, the distribution of
stress within the sample was recalculated. The stress was continually
recalculated until no further elements were damaged, at which point
the numerical sample was subjected to the next 0.002 mm displacement
increment. As a result, there is no deformation rate sensu stricto: the
numerical samples are deformed so that the rate of deformation does
not exceed the evolution of the microstructure. By implication, the
model may not accurately capture the mechanical behaviour of rapidly
deforming rocks adjacent to the conduit. This procedure continued until
macroscopic sample failure (i.e., the formation of a throughgoing
fracture). In this study we adopt the convention that compressive stresses
and strains are positive. In the following sections we present in turn the
influence of (1) heterogeneity content and, (2) heterogeneity diameter
on the strength of two- and three-phase volcanic rocks.

3. The influence of heterogeneity (pores and crystals) content on
strength

The influence of porosity and crystal fraction on uniaxial compres-
sive strength is summarised in Fig. 2. Fig. 2a shows the influence of
pores in a two-phase volcanic rock (i.e., crystal-free rock; simulation
output from Heap et al. 2014b). We see that, for a pore diameter of
0.5 mm, the compressive strength is reduced from 358 MPa at a porosity
of 0.02 to 47 MPa at a porosity of 0.4 (Fig. 2a). Porosity therefore exerts a
significant control on the uniaxial compressive strength of volcanic
rocks (as reported in the experimental studies of Al-Harthi et al.,
1999; Heap et al., 2014a; Schaeffer et al., 2015). Fig. 2b illustrates the
influence of crystals on the strength of two-phase volcanic rock
(i.e., porosity-free rock) for a sample with a crystal diameter of 1 mm.
Strength is reduced from 458 to 337 MPa upon increasing the crystal
fraction from 0.02 to 0.4 (Fig. 2b). Taken together, Fig. 2a and b high-
lights that the strength of volcanic rocks is more influenced by the
pore fraction than crystal fraction. Indeed, increasing the pore fraction
from 0.02 to 0.4 reduces strength by a factor of 7.6, while increasing
the crystal fraction from 0.02 to 0.4 reduces strength by only a factor
of 1.4. Fig. 2c¢ shows simulation output for a three-phase system of
groundmass, pores, and crystals. In detail, Fig. 2¢ presents the influence
of crystal fraction (crystal diameter = 1 mm) on uniaxial compressive
strength for different values of porosity (0.05, 0.1, and 0.25; pore diam-
eter = 0.5 mm). For each of the tested porosities (0.05, 0.1, and 0.25),
increasing the crystal fraction decreases the strength of three-phase
volcanic rocks. For example, at a constant porosity of 0.1, increasing
the crystal fraction from 0.02 to 0.4 decreases the strength from 177
to 128 MPa. Likewise, increasing the porosity for a given crystal fraction
also results in a strength reduction (Fig. 2c). For example, at a crystal
fraction of 0.2, increasing the porosity from 0.05 to 0.25 decreases the
strength from 191 to 70 MPa.

We will first discuss why increasing the porosity lowers the strength
of two-phase (i.e., crystal-free) volcanic rocks (Fig. 2a; simulation
output from Heap et al. 2014b). The presence of pores locally amplifies
the stress within the groundmass (Jaeger et al., 2007; Sammis and
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Ashby, 1986). As the macroscopic stress is increased on the sample,
these local, amplified stress fields facilitate the nucleation of pore-
emanating microcracks (as shown in the deformation snapshot
of Fig. 3b). In other words, the highly stressed elements at the pore
wall are the first elements to fail in the model. Once a microcrack is ini-
tiated, it grows as the sample is further deformed due to the amplified
stresses at the tip of the microcrack (Fig. 3c and d). Eventually these
pore-emanating microcracks can interact, coalesce, and conspire to
macroscopically fail the sample (Fig. 3e). We often find that microcracks
nucleate within clusters or chains of pores (see Fig. 3c), a result of the
overlap of the stress amplification fields of neighbouring pores. Stress
field interaction further magnifies the stress and promotes microcrack
initiation and growth at lower applied stresses. As porosity increases,
not only do the samples contain more void space, meaning that macro-
scopic failure requires the failure of fewer elements (microcracks can
easily jump from pore to pore), but the likelihood of pore clustering
and stress field overlap increases (as discussed in Heap et al. 2014b).
Although increasing the porosity will reduce the average element
strength, we highlight that the first elements to break are the weakest
elements within the groundmass (as defined by the parameters given
in Table 1). An increase in the porosity will not alter the proportion of
very weak groundmass elements within the sample.

There are a couple of reasons why an increase in crystal fraction could
result in the observed decrease in strength in two-phase (i.e., porosity-
free) volcanic rocks (Fig. 2b). First, as the crystal fraction increases, the
proportion of elements with a very low strength (as defined by the pa-
rameters given in Table 2), which fail at low stresses and act as failure nu-
clei from which fractures can grow (Fig. 4), will increase. Second, there is
an increased likelihood that crystals will form clusters or chains as the
crystal fraction increases. As mentioned above, we notice that deforma-
tion is often first accommodated by the very weak elements within crys-
tals (Fig. 4b; present due to a combination of their low strength and low
heterogeneity index m; Table 2). Damaged elements increase the stress
on neighbouring elements, quickly facilitating the formation of
intracrystalline microcracks and/or highly damaged crystals (Fig. 4c). If
there is a cluster or chain of crystals, intracrystalline microcracks can coa-
lesce and form the basis of a throughgoing fracture (as shown in Fig. 4c-e).

For three-phase volcanic rocks, we find that the addition of either
pores or crystals results in additional weakening (Fig. 2c). As explained
above, the addition of crystals will increase the proportion of very low
strength elements and the likelihood of crystal clusters and chains. Like-
wise, the addition of pores will provide a shorter route for macroscopic
failure and will facilitate microcrack nucleation by creating lobes of
stress amplification. However, the interaction of these heterogeneities
leads to additional weakening. First, when the zone of stress concentra-
tion surrounding a pore ensnares a crystal, the weak elements within
the crystal (elements within the crystals can be much weaker than
those in the groundmass, see Tables 1 and 2) can become damaged
during the early stages of deformation even when the applied stress is
very low. Crystals sandwiched between two pores are often preferen-
tially damaged and promote pore coalescence by microcracking and,
ultimately, the formation of a throughgoing fracture (the snapshots of
Fig. 5 show how crystal clusters and chains trapped between pores
can promote the formation of a macroscopic fracture). An increase in
pore or crystal fraction will therefore increase the chance that a crystal
will exist within the perturbed stress field of a pore. Second, since the
crystals are generated before the pores, a high crystal fraction can
force pore clustering and encourage pore stress field interactions, even
at relatively low values of porosity.

4. The influence of heterogeneity (pores and crystals) diameter on
strength

The influence of pore and crystal diameter on uniaxial compressive
strength of two-phase volcanic rocks is summarised in Fig. 6. Fig. 6a
shows the influence of pore diameter on two-phase volcanic rock
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Fig. 2. The influence of heterogeneity content (pores and crystals) on the strength of
volcanic rocks. (a) A plot of uniaxial compressive strength as a function of porosity for
two-phase (groundmass and pores) simulations (simulation output from Heap et al.,
2014b). (b) A plot of uniaxial compressive strength as a function of crystal fraction for
two-phase (groundmass and crystals) simulations. (¢) A plot of uniaxial compressive
strength as a function of crystal fraction for three-phase (groundmass, pores, and
crystals) simulations. White circles — simulations containing a porosity of 0.05; black
circles — 0.1 porosity; and grey circles — 0.25 porosity.
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two-phase (groundmass and pores); porosity = 0.02; pore diameter = 1 mm

Fig. 3. Deformation snapshots showing the damage evolution of a two-phase (groundmass and pores) numerical sample. (a) The pre-deformation sample (groundmass in grey and pores

in black). (b-e) Deformation snapshots at increasing axial strain.

(i.e., crystal-free rock). For a constant value of porosity (0.02, 0.2, and 0.4
are shown here), an increase in pore diameter reduces the strength
(Fig. 6a). For example, for a porosity of 0.2, strength is reduced from
334 to 72 MPa as pore diameter is increased from 0.1 to 1 mm. Fig. 6b
presents the influence of crystal diameter on two-phase volcanic rock.
Fig. 6b shows that the decrease in strength with increasing crystal
fraction (from 0.02 to 0.4) is essentially identical for samples containing
either 1 or 2 mm diameter crystals (we note that our modelled output
demonstrates that crystals of diameter 0.3 and 0.5 mm also do not influ-
ence strength at a given crystal fraction). The model output presented in
Fig. 6a and b highlights that the strength of volcanic rocks is significantly
influenced by pore diameter, but is largely unaffected by crystal
diameter.

The influence of crystal and pore diameter on the strength of three-
phase volcanic rocks is presented as Fig. 7. Fig. 7a shows the influence of
crystal diameter on the strength of three-phase volcanic rocks (for a
constant pore diameter and porosity of 0.5 mm and 0.05, respectively)
for different crystal fractions (0.02, 0.2, and 0.4). We find that, as for

the two-phase rocks of Fig. 6b, increasing the crystal diameter does
not affect the strength. Further, this is true for all of the crystal fractions
tested (for clarity, only 0.02, 0.2, and 0.4 are shown in Fig. 7a) and when
the porosity is increased (Fig. 7b). Fig. 7b shows the influence of crystal
diameter on the strength of three-phase volcanic rocks (for a constant
pore diameter and crystal fraction of 0.5 mm and 0.2, respectively) for
different porosities (0.05 and 0.25). The model output shows that the
influence of crystal diameter is negligible at a porosity of 0.05 and 0.25
(Fig. 7b). Fig. 7c shows the influence of pore diameter on the strength
of three-phase volcanic rocks (for a constant porosity of 0.25 and pore di-
ameter of 0.5 mm) by comparing model output for two-phase volcanic
rock (crystal fraction = 0; simulation output from Heap et al. 2014b)
with that for three-phase rock (crystal fraction = 0.25 and crystal
diameter = 1 mm). The model output shows that increasing pore di-
ameter reduces the strength of three-phase volcanic rocks, and in a
similar way to that found for two-phase rocks. The offset between
the two curves simply reflects the weakening influence of a crystal
fraction of 0.25.

two-phase (groundmass and crystals); crystal fraction = 0.2; crystal diameter = 1 mm

Fig. 4. Deformation snapshots showing the damage evolution of a two-phase (groundmass and crystals) numerical sample. (a) The pre-deformation sample (groundmass in grey and

crystals in white). (b-e) Deformation snapshots at increasing axial strain.
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three-phase (groundmass, pores, and crystals); porosity = 0.05; pore diameter = 0.5 mm; crystal fraction = 0.1; crystal diameter = 1 mm

Fig. 5. Deformation snapshots showing the damage evolution of a three-phase (groundmass, pores, and crystals) numerical sample. (a) The pre-deformation sample (groundmass in grey,

pores in black, and crystals in white). (b-e) Deformation snapshots at increasing axial strain.

We will first discuss why increasing the pore diameter lowers the
strength of two-phase (i.e., crystal-free; Fig. 6a) and three-phase
(Fig. 7c) volcanic rocks. Pores with a larger diameter magnify the stress
of a larger area (perturbations in the stress field can be considered neg-
ligible at distances greater than ten times the diameter; Jaeger et al.,
2007). This implies that, at a constant porosity, larger pores create
more stress field overlap than smaller pores, or that the fewer, larger
stress concentration lobes of the larger pores increase the likelihood
that weaker elements are found within the area of stress concentration
(as explained in Heap et al. 2014b). In addition, the small stress concen-
tration lobes of smaller pores may not be able to reach the area in the
centre of the crystals in the three-phase rocks, especially when the
pore diameter is smaller than the crystal diameter; the crystal centres
will not be shielded from larger diameter pores that command larger
stress concentration lobes.

However, perhaps there is little reason why, for a given crystal
fraction, a higher crystal diameter would influence strength of two-
(Fig. 6b) or three-phase volcanic rocks (Fig. 7a and b). First, the propor-
tion of very weak elements will be virtually identical. Second, whereas
larger pores perturb the stress of a broader area than smaller pores
(Sammis and Ashby, 1986; Jaeger et al., 2007; Heap et al. 2014b,
2015a), encouraging elements to fail and microcracks to form through
stress field interactions (Heap et al. 2014b), larger crystals do not impart
such an effect because the strength differential between crystals and
groundmass is not as large as that between pores and groundmass.
Third, we have seen that localisation typically initiates from clusters or
chains of crystals adjacent to pores. However, for a larger crystal diam-
eter, there is no reason why the crystals would be closer to the pores or,
more pertinently, why a greater crystal area would exist within a stress
field of a pore. This is especially true when one considers that the pore
diameter (0.5 mm), and therefore the size of the perturbed stress field
surrounding each pore, is identical between the presented simulations.

5. An effective medium model for the strength of heterogeneous
volcanic rocks

We have shown that heterogeneities — namely pores (Fig. 2a) and
crystals (Fig. 2b) — can reduce the strength of two-phase volcanic
rocks. When both heterogeneities are present, they both conspire to
weaken the material (Fig. 2c). It is clear that, since most volcanic rocks
contain both pores and crystals, an approach is needed to represent

the combination of pores and crystals within a rock as a single variable:
“heterogeneity”. To achieve this, we propose an effective medium
approach.

Up until now, we have defined the crystal ¢. and the pore ¢,
fractions as bulk properties such that ¢.=V,/Vy=V/(V.+ V,+ V)
and ¢, = V,,/Vr="V,/(V.+V, + V,) where the volumes V,, V,, V; and Vr
are the crystal, pore, groundmass without the crystals or pores, and
total volumes, respectively. If we instead redefine the fractions to find
the effective pore fraction, ¢,=V,/(V), + V), then we can assess both
the effect of crystal- and pore-loading on the sample. This is a similar
method to that proposed for the assessment of the viscosity of
multi-phase systems (Truby et al., 2015). Defining the porous
groundmass as an effective continuous medium with a crystal
cargo might imply that the pores are much smaller than the crystals,
however, Truby et al. (2015) find that this method works for magmas
where crystals and pores are similar sizes, as in our simulations. This
approach results in Fig. 8a, where we can plot the modelled strength
as a function of the effective pore fraction ¢} which accounts for the
total heterogeneity of the system as, for example, the addition of
crystals to a sample with a fixed porosity serves to increase ¢, by
crowding the porosity in the groundmass. To a good approximation,
we find that the model output can be described by a single curve for a
given pore diameter (we provide model output for a samples con-
taining either 0.5 or 2 mm diameter pores) in the groundmass
(Fig. 8a). Because the effective pore fraction is a void fraction of the
groundmass, not including the crystal fraction, this has the implica-
tion that the strength of the numerical samples is dominated by the
effect of the pores, the conclusion drawn from the model output of
Fig. 2. Additionally, if we consider these samples as variably heteroge-
neous materials, then it is certainly the pore fraction, with zero strength,
that imparts the larger mean heterogeneity, compared with the crystals,
which are a lot closer to the strength of the groundmass. Therefore, we
are satisfied that our scaling is consistent with intuitive considerations
of the nature of the samples. In Fig. 8a we show these scaling consider-
ations for a given pore diameter produce inter-sample consistency across
a wide range of effective pore fractions.

The pore-emanating crack model derived by Sammis and Ashby
(1986) can be used to help better understand the micromechanics of
deforming heterogeneous volcanic rocks and to provide a predictive
tool. Zhu et al. (2010) provide an analytical approximation for the
pore-emanating crack model such that the uniaxial compressive
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Fig. 6. The influence of heterogeneity diameter (pores and crystals) on the strength of
two-phase volcanic rocks. (a) A plot of uniaxial compressive strength as a function of
pore diameter for two-phase (groundmass and pores) simulations (simulation output
from Heap et al., 2014b). White circles — simulations containing a porosity of 0.02;
black circles — 0.2 porosity; grey circles — 0.4 porosity. (b) A plot of uniaxial
compressive strength as a function of crystal fraction for two-phase (groundmass and
crystals) simulations. White circles — simulations with a crystal diameter of 1 mm;
black circles — crystal diameter of 2 mm.

strength UCS of porous rocks is a function of porosity ¢, the fracture
toughness Kjc, and the pore radius r:

a-Kc

ucs = -
¢, PV

2)

For a constant Kjc, Zhu et al. (2010) find that the constants a and b
are 1.325 and 0.414, respectively. These coefficient approximations are
found for the 2D solution from Sammis and Ashby (1986) and so are
directly applicable to our 2D simulations. This model has been used to
describe the strength of various porous materials, including sandstones
(e.g., Baud et al., 2014), limestones (e.g., Zhu et al., 2010), and volcanic
materials (e.g., Zhu et al,, 2011; Vasseur et al., 2013; Heap et al,,
2014a, 2015c). We apply this same model to our simulated model
results by calibrating the constants a and b against the crystal-free sim-
ulations presented in Heap et al. (2014b). Using the Kic for defect-free
borosilicate glass for the groundmass of 0.7 MPa m®> (Wiederhorn,
1969), this calibration yields a=1.5 and b=10.7 for our system. Our
choice of Kic is validated by the agreement between our simulated
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Fig. 7. The influence of heterogeneity diameter (pores and crystals) on the strength of
three-phase volcanic rocks. (a) A plot of uniaxial compressive strength as a function of
crystal diameter for three-phase simulations. White circles — simulations containing a
crystal fraction of 0.02; black circles — 0.2 crystal fraction; grey circles — 0.4 crystal
fraction. (b) A plot of uniaxial compressive strength as a function of crystal diameter for
three-phase simulations. White circles — simulations containing a porosity of 0.05; black
circles — 0.25 porosity. (c) A plot of uniaxial compressive strength as a function of pore
diameter for two- (white circles) and three-phase (black circles) simulations.
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strength at zero porosity (553 MPa) and the strength of porosity-free
borosilicate glass reported in Vasseur et al. (2013) (~ 600 MPa). The
analytical form of the Sammis and Ashby (1986) model (Eq. (2)) does
not consider the influence of crystals on the compressive strength, a
variable that, according to our modelling approach, will lower strength
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(Fig. 2b). Here therefore we recast the model to use ¢} in place of ¢,
thus rescaling the volumes such that the pores occupy the effective me-
dium and are enriched or crowded by the increasing crystal fraction.
This yields a sample specific form of the pore-emanating crack model
for the strength of heterogeneous volcanic materials:

1.5 Kic
UCS = — 57— 3)

b V/Tr

We find that the solution to this model (Eq. (3)), using Kjc=
0.7 MPa m®3, captures well the strength of our two- and three-phase
simulations over a range of crystal and pore fractions relevant to volca-
nic systems (Fig. 8a). We highlight that, by implementing an effective
medium approach, we treat the sample groundmass as a continuum
that is weakened by the addition of porosity and, strictly speaking,
Kjc should decrease with increasing porosity. Therefore, although direct
comparison with micromechanical models such as the pore-emanating
crack model should be considered with caution, we emphasise here that
our approach works well (Fig. 8). The loss of fidelity in our selection of a
constant Kjc explains the discrepancy between the simulations and
Eq. (3) atlow ¢}

To test the predictive power of our model, we can compare our
modelled curves with data from experimental studies on the uniaxial
compressive strength of volcanic materials for which the crystal content
and porosities are known (Fig. 8b and c). We use data for variably-
porous block-and-ash flow deposits (dacite) from Mt. Meager volcano,
Canada (Heap et al., 2015c), andesitic lavas from Volcan de Colima,
Mexico (Heap et al., 2014a) and Mount Shasta, USA (Smith et al.,
2009), basalt from Iceland (Heap et al., 2010), and variably sintered
borosilicate glass particles (Vasseur et al., 2013, 2015). We highlight
that the samples used in these studies have very similar, or identical,
dimensions (diameter and length) to that of the numerical samples
presented in this study (sample dimensions for the above-mentioned
studies are available in the figure caption of Fig. 8). These materials
have a wide range of porosities and we take a mean crystal volume
fraction of 0.25, 0.5, 0.17, 0, and 0, respectively (Smith et al., 2009;
Heap et al., 2010, 2014a, 2015c; Vasseur et al., 2013, 2015). However,
although we know their porosities and crystal contents, the remaining
parameters in the model (Eq. (3)) are less well constrained. Both
Fig. 8b and c show graphs of uniaxial compressive strength against
effective porosity for the mined experimental data. Fig. 8b contains
modelled strength curves for different values of Kjc for a constant pore
diameter (0.5 mm) and Fig. 8c contains modelled strength curves for
different pore diameters of a constant K¢ (0.7 MPa m®®). While we
find that the data plot along similar trajectories as our modelled curves
(Fig. 8b and c¢), it is clear that there are differences. When assessing
datasets from 3D heterogeneous samples, critical shortcomings of the
widely-used Eq. (2) are (1) it is a 2D approximation, (2) Kjcis presumed
to be independent of the microstructural elements, and (3) the pore
diameters are difficult to constrain.

Fig. 8. Uniaxial compressive strength as a function of effective pore fraction. (a) Uniaxial
compressive strength as a function of effective pore fraction for the simulated output for
a pore diameter of 0.5 mm (black circles) and 2 mm (grey circles). Modelled curves are
calculated using Eq. (2) using a pore diameter of 0.5 mm (black curve) and 2 mm (grey
curve). Panels (b) and (c) show the same graph of uniaxial compressive strength as a
function of effective pore fraction for a selection of mined experimental data:
borosilicate glass (Vasseur et al., 2013, 2015; white circles; sample size: 25 mm in
diameter and 50 mm in length), welded block-and-ash flow deposits (BAF; Heap et al.,
2015b; white triangles; sample size: 20 mm in diameter and 40 mm in length), andesite
lava from Volcan de Colima (Heap et al. 2014b, 2015a; sample size: 20 mm in diameter
and 40 mm in length), basalt from Iceland (Heap et al., 2010; sample size: 25 mm in diam-
eter and 75 mm in length), and andesite from Mt. Shasta (USA; Smith et al., 2009; sample
size: 25 mm in diameter and 75 mm in length). Panel (b) contains modelled curves
(Eq. (2)) for different values of Kjc for a constant pore diameter (pore diameter =
0.5 mm). Panel (c) contains modelled curves (Eq. (3)) for different pore diameters for a
constant value of Kic (Kic = 0.7 MPa m®?).
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On the microscale, fractures in natural rocks must invariably propa-
gate through either the groundmass or crystal. Therefore, perhaps the
most appropriate value of Kic is that of the glass (Kjc = 0.7 MPa m®?,
Wiederhorn, 1969) or the crystal. Unfortunately, while the Kjc of
common rock-forming minerals such as quartz and calcite are well
established, corresponding data for minerals typical of volcanic rocks
are extremely sparse (Atkinson and Meredith, 1987). Further complica-
tion arises when one considers that microcracks often grow along weak
clast interfaces (Zhu et al., 2011; Heap et al., 2015c) resulting in a Kjc
lower than that of for the mineral constituents of the rock (see
Tromans and Meech, 2002). We anticipate that particle/crystal bound-
ary microcrack growth will be more prevalent in poorly-consolidated
deposits, such as tuffs and welded deposits (Zhu et al., 2011; Heap
et al., 2015c), and highly-crystallised materials. For example, Heap
et al. (2015b) found that a K;c of 0.15 MPa m®® well describes the
strength of the variably-porous block-and-ash flow deposits from Mt.
Meager, citing that microcracks likely propagated along the boundaries
of particles, rather than travelling through them. Indeed, a Kjc of
0.15 MPa m®® is much lower than that of glass (K;c = 0.7 MPa m®>,
Wiederhorn, 1969) or feldspar (Kic = 0.3-0.4 MPa m®® for microcline,
Atkinson and Avdis, 1980). Therefore, the values of K- measured for vol-
canic rocks, which can be as high as 2.5 MPa m®® (e.g., Meredith and
Atkinson, 1983; Atkinson and Meredith, 1987; Balme et al., 2004;
Smith et al., 2009; Nara et al., 2012), are perhaps not suitable for the
micromechanical model presented here. This notion is supported by
the fact that, for a constant pore diameter of 0.5 mm, a value of K¢ of
2 MPa m®? grossly overestimates rock strength (Fig. 8b). The choice of
Kjc used in the model (Eq. (2)) should be considered on a case-by-
case basis. While the K;¢ for low-porosity or glassy rocks may be well ap-
proximated using a value close to that of the glass (K;c = 0.7 MPa m®”,
Wiederhorn, 1969), we highlight that highly-crystallised, poorly-
consolidated/welded (e.g., Zhu et al., 2011; Heap et al., 2015c), and
intensely hydrothermally altered (e.g., Pola et al., 2012, 2014; Wyering
et al.,, 2014, 2015) rocks may be best represented by a much lower
value (Kic = 0.1-0.3 MPa m®>).

As outlined above, volcanic rocks can contain a wide pore size distri-
bution (e.g., Wright et al., 2009; Shea et al., 2010; Heap et al., 2014a).
However, the model (Eq. (3)) assumes that the pore radius is constant.
A fundamental question thus arises: which pore radius should be used
in the model? If we assume K;c= 0.7 MPa m®? for the andesites from
Volcan de Colima (crystal fraction = 0.5) then the most representative
pore diameter (i.e., the pore size exerting the greatest influence on the
strength) is between about 1 and 2.5 mm (Fig. 8c). This pore diameter
corresponds closely to the maximum pore diameter measured in
these rocks, which is typically 1 or 2 mm (Heap et al., 2014a). The
idea that the maximum pore diameter dictates the strength of the
rock was also discussed in Zhu et al. (2010). Based on this logic we sug-
gest that, if a single pore radius should be used as the input parameter in
our model (Eq. (3)), then the maximum is a good candidate to provide
reasonable predictions of strength. However, a law for the continuously
evolving pore diameter during vesiculation (e.g., Gonnermann and
Manga, 2007) or during densification (e.g., Wadsworth et al., 2016),
which couple ¢ and r as a function of time-dependent magma dynamics
(preserved as edifice rocks on quench), would be valuable inputs to
Eq. (2).

We conclude that our modelling approach can be used with predic-
tive power when the crystal content, porosity, and maximum pore size
are known; parameters that are routinely measured for rocks found at
many active volcanoes.

6. Implications for volcanic systems

As magmas ascend to the Earth's surface they degas and crystallise,
producing volcanic rocks with crystal and pore fractions that can vary
from almost 0 to almost 1 (e.g. Brophy, 1991; Marsh, 1981; Blundy
et al., 2006; Kueppers et al., 2005; Farquharson et al., 2015). In general,

the degree to which such precipitated phases of heterogeneity form and
grow is a function of undercooling and thus the supersaturation of
elements in the melt phase. For example, if volatiles are significantly
oversaturated in a particular aliquot of melt, a bubble will form
(e.g., Gardner and Ketcham, 2011; Pichavant et al., 2013). In detail, the
formation of bubbles or crystals is a strong function of the decompres-
sion rate and the temperature and pressure dependence of solubility of
the volatile element(s) (Toramaru, 2006; Hamada et al., 2010). After
nucleation, the growth of heterogeneity phases is mostly limited by the
mass diffusivity of the supersaturated element(s) (e.g., Gonnermann
and Manga, 2007). These constraints on how heterogeneity is formed
from an imagined homogeneous melt at depth directly inform work
that compares the phases formed in pressure- and temperature-varied
experiments with those in erupted rocks to constrain the ascent rate
and temperature of conduit magma leading to eruption (e.g., Martel
and Schmidt, 2003; Martel, 2012; Castro and Dingwell, 2009). In concert,
the dependence of heterogeneity on the ascent path and composition of
the magma suggests a tantalizing link between this pathway and the
strength of the erupted rock. Recent work, for example, has shown that
heterogeneity and strength is a key parameter in controlling the effective-
ness of failure forecasting (Vasseur et al,, 2015). Here we explore two case
examples of volcanic eruptions that resulted in deposits containing high
or low degrees of heterogeneity: the 2008 eruption at Chaitén volcano
(Chile) and historic eruptions from Volcan de Colima (Mexico).

The eruption of Chaitén volcano in May 2008 produced a large range
of eruptive products, but included a near-aphyric obsidian containing,
typically, a low porosity that now forms the base of the exposed dome
(Castro et al., 2014). This erupted material, along with other obsidian-
forming eruptions, is an interesting example of material that can reach
the Earth's surface and preserve relative homogeneity. Castro and
Dingwell (2009) showed that in this case the ascent rates were suffi-
ciently high to bypass crystallisation. Our results suggest that at these
obsidian-forming sites, the homogeneity can result in exceptionally
strong deposits (falling on the far-left side of Fig. 8). The outgassing
mechanism for obsidian-forming eruptions is not well constrained
(Owen et al., 2013), and it has been proposed that fracturing followed
by thorough sintering to dense melt is the mechanism (Castro et al.,
2014). This mechanism would result in short lengthscale heterogeneity,
such as spatial heterogeneity of remnant dissolved water concentration
in the groundmass glass, akin to a shift in our homogeneity index m.
Therefore, prior to sintering, the material strength would be lower and
it is only by thorough viscous sintering that the heterogeneity (porosity
in this case) is removed and the material strength increases (e.g., Heap
et al,, 2015c). Data from sintering experiments that propose to recreate
this process using synthetic glass particles (Vasseur et al., 2013) and
natural volcanic particles (Heap et al., 2014c, 2015c¢) are highly consis-
tent with our effective medium approach (Fig. 8). We note that the
same Chaitén eruption was accompanied by a Plinian explosive
pumice-forming eruption with porosities of 0.2-0.8 (Castro et al.,
2012; Alfano et al., 2012), which by contrast would be a highly hetero-
geneous and therefore weak deposit. A characteristic feature of rhyolitic
eruptions is that periodic explosions that expel more heterogeneous
materials accompany the effusive of lava (e.g., Schipper et al., 2013).
We suggest that such activity would result in a bimodality of strength
of the final volcanic materials.

By contrast, the Volcan de Colima volcanic edifice is composed of
blocks of volcanic rock with a wide range of porosity, from 0.02 to
0.73 (Lavallée et al., 2012; Heap et al., 2014a; Farquharson et al., 2015;
Lavallée et al., 2016), and a high crystal fraction, typically about 0.5
(Lavallée et al., 2007; Heap et al., 2014a, 2015b). In other words, the
rocks are very heterogeneous and, for the most part, fall on the right
side of Fig. 8. In terms of heterogeneity, these materials are typical of
the rocks forming andesitic arc volcanoes, such as Merapi (Indonesia)
or Mt. Ruapehu (New Zealand), which typically host a wide range of po-
rosity (e.g., Mueller et al,, 2005). The highly heterogeneous nature of the
rocks forming andesitic arc volcanoes makes them weak, a weakness
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perhaps exemplified by their frequently-collapsing nature: there have
been at least five major collapses at Volcan de Colima in the last
18,500 years (e.g., Stoopes and Sheridan, 1992; Cortés et al., 2010).

7. Concluding remarks and perspectives

Our modelling highlights that heterogeneities (pores and crystals)
serve to decrease the strength of volcanic rocks. In detail, increasing
porosity commands a greater strength reduction than increasing the
crystal fraction. Further, strength at a constant porosity is reduced by
increasing the pore diameter, but strength at a constant crystal fraction
is unaffected by increasing the crystal diameter. To account for the
weakening influence of pores and crystals as a single variable — the
“heterogeneity” — we use an effective medium approach in which we
define sample heterogeneity using an effective pore fraction. When
the strength of more than 200 simulated samples is plotted as a function
of their effective porosity, we find that, for a given pore diameter, the
model output falls on a single curve. A modified version of Sammis
and Ashby's (1986) pore-emanating crack model for 2D porous media,
recast to include the effective porosity rather than the porosity and
calibrated for our crystal-free simulations, is in good agreement with
published experimental data for which the porosity and crystal content
are known (although we highlight some difficulties in constraining two
of the input parameters, namely the representative pore radius and the
fracture toughness, and in the 2D to 3D discrepancy). We therefore
present herein an analytical tool that can be used to estimate the
strength of volcanic rock when the porosity, crystal fraction, and maxi-
mum pore diameter are known.
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