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A B S T R A C T

Volcanic eruptions are driven by the ascent of volatile-laden magma. The capacity of a volcano system to
outgas these volatiles—its permeability—controls the explosive potential, and fractures at volcanic conduit
margins play a crucial role in tempering eruption explosivity by acting as outgassing pathways. How-
ever, these fractures are often filled with hot volcanic debris that welds and compacts over time, meaning
that these permeable pathways have a finite lifetime. While numerous studies emphasize that permeabil-
ity evolution is important for regulating pressure in shallow volcanic systems, how and when this occurs
remains an outstanding question in volcanology. In this contribution, we show that different pressure evo-
lution regimes can be expected across a range of silicic systems as a function of the width and distribution
of fractures in the system, the timescales over which they can outgas (a function of depth and temper-
ature), and the permeability of the host material. We define outgassing, diffusive relaxation, and pressure
increase regimes, which are distinguished by comparing the characteristic timescales over which they oper-
ate. Moreover, we define a critical permeability threshold, which determines (in concert with characteristic
timescales of diffusive mass exchange between the pore and melt phases) whether systems fracture and
outgas efficiently, or if a volcano will be prone to pressure increases, incomplete healing, and explosive
failure.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

The ability of a volcanic system to outgas, governed by the per-
meability of rock and magma, influences eruption explosivity (e.g.
Woods and Koyaguchi, 1994). In particular, the generation of frac-
tures is thought to be a key mechanism allowing the dissipation
of magmatic gases—and hence, pressure—in volcanic environments
(e.g. Gonnermann and Manga, 2003; Tuffen and Dingwell, 2005;
Kolzenburg et al., 2012; Castro et al., 2014; Kendrick et al., 2016;
Saubin et al., 2016). Indeed, recent laboratory studies (Nara et al.,
2011; Farquharson et al., 2016a; Heap and Kennedy, 2016) highlight
that fractures in volcanic rock can increase permeability by several
orders of magnitude. Heap and Kennedy (2016) fractured samples of
andesite in tension: a key finding is that—irrespective of their ini-
tial physical properties—samples exhibited approximately the same
permeability once a through-running fracture had been imposed
(see Fig. 1). Nevertheless, while the compiled permeability–porosity
data in Fig. 1 indicate that the “fracture-limited” permeability of
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these volcanic materials is typically on the order of 10−11 m2, it
is important to consider that these data represent laboratory-scale
measurements of freshly fractured material. In nature, such fractures
typically become infilled with angular fragments, juvenile or other-
wise (e.g. Kolzenburg et al., 2012; Kendrick et al., 2016; Saubin et
al., 2016). Moreover, under appropriate temperature and pressure
conditions, these infilled fractures may heal over time due to pro-
gressive sintering of the interior material (e.g. Stasiuk et al., 1996;
Tuffen et al., 2003; Kolzenburg et al., 2012; Okumura and Sasaki,
2014; Wadsworth et al., 2014; Wadsworth et al., 2016a).

Fig. 2 shows two examples of fractured volcanic material with
various degrees of allochthonous and autochthonous fracture infill
and healing. Fig. 2A shows a saw-cut of a dense obsidian bomb con-
taining a tuffisite approximately 30 mm in width, ejected during the
2008 rhyolitic eruption of Chaitén (Chile) (see Saubin et al., 2016,
for further details). The tuffisite is characterised by juvenile material
interspersed by transported lithics. Subsidiary fractures are also visi-
ble in the same bomb. Fig. 2B shows a Scanning Electron Microscope
(SEM) image of a sample of dense andesite from Volcán de Colima
(see Farquharson et al., 2016b). In this case, the sample contains a
throughgoing fracture containing juvenile fragments. The granular
material within the fracture has partially sintered. Similar features
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Fig. 1. Compiled permeability—porosity data illustrating the influence of fractures
and fracture healing. Open circles represent initial unfractured permeability of
andesite from Heap and Kennedy (2016). When fresh tensile fractures were imposed
in the samples, permeability increased (filled circles). Samples of tuffisite-bearing
andesite of comparable dimensions exhibited intermediate permeability relative to
the fractured and unfractured material when sintering was incipient (diamonds),
while the permeability of samples where sintering was more advanced (squares) are
in line with the initial unfractured material. aHeap and Kennedy (2016); bFarquharson
et al. (2016a); cKolzenburg et al. (2012).

from Volcán de Colima are reported and described in Kolzenburg
et al. (2012) and Kendrick et al. (2016).

Notably, the permeability of a fracture-bearing sample the
andesitic block of Fig. 2B is two orders of magnitude greater than
the (unfractured) host rock (∼ 3 × 10−14 compared to ∼ 2 × 10−16

m2 (Farquharson et al., 2016b, see also Fig. 1). Nevertheless, this is
approximately three orders of magnitude lower than the fractured
andesites of Fig. 1 (Heap and Kennedy, 2016). On the other hand,
well-healed tuffisite-bearing material measured by Kolzenburg et al.
(2012) exhibits permeabilities and porosities in line with the unfrac-
tured andesite of Heap and Kennedy (2016). This discrepancy on the
laboratory scale indicates that a significant reduction in permeability
can occur during fracture healing, fracture filling with granular mate-
rial and with the progressive welding of the fracture fill. Thus, any in
situ increase in permeability due to fracturing of volcanic material is
likely transient if the fragments within the fracture can viscously sin-
ter and compact over time (e.g. Tuffen et al., 2003; Wadsworth et al.,
2014), thereby reducing the permeability back to the pre-fractured
state or indeed lower. This is in agreement with the findings of Heap
et al. (2015), who performed permeability measurements on samples
of natural variably-welded block-and-ash flow deposits.

Using available literature data, Wadsworth et al. (2016b) found
that the permeability of granular volcanic materials—such as those
that fill these fractures—scales with the porosity via the specific
surface area of the evolving granular mixture. However, laboratory
studies which constrain the permeability of variably-healed frac-
tures, such as tuffisites, are few (Kolzenburg et al., 2012; Kendrick
et al., 2016; Farquharson et al., 2016b); moreover, they are inher-
ently concerned with permeability on relatively small scales (Heap
and Kennedy, 2016), at a given point in time. Consequently, esti-
mates for the equivalent permeability of fractured conduit margins
and how this may change over time—crucial parameters for mod-
els of volcanic outgassing (e.g. Jaupart, 1998; Collinson and Neu-
berg, 2012)—must be accomplished by incorporating these data into

Fig. 2. Evidence of ash-filled fractures in volcanic environments. A) Sawn block of
obsidian containing a large ∼ 30 mm wide, through-going tuffisite, formed in the 2008
eruption of Volcán Chaitén, Chile (Saubin et al., 2016). B) Scanning Electron Micro-
scope (SEM) image of fractured andesite collected at Volcán de Colima, Mexico. In the
SEM image, porosity appears as black, whereas the groundmass and fracture-filling
particles are in shades of gray. In both cases, the granular fracture-fill has partially
sintered back together into a coherent material, providing snapshots of the healing
process.

upscaling models which can evolve over time. A recent numeri-
cal modelling study by Chevalier et al. (2017) highlighted that the
decrease of permeable gas loss at the conduit walls (i.e. the conduit–
host rock edifice)—as a consequence of dome growth and loading of
the edifice—can result in significant gas pressure increase within the
conduit. Their study represents an important advance in our ability
to couple physical mechanisms with the evolution of permeability
and gas pressure in volcanic systems. Here, our contribution focusses
on transient permeability increase resulting from near-conduit frac-
ture generation, providing a detailed exploration of the capacity
for lateral gas flow: a parameter often treated as a static boundary
condition in complex two-dimensional gas evolution models.

By coupling experimentally-derived permeability reduction
timescales (Heap et al., 2015) with a scaling for the distribution of
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fluid flow in parallel layers (Heap and Kennedy, 2016; Farquhar-
son et al., 2016b), the time-dependent equivalent permeability of a
fractured volcanic conduit can be modelled. In this case, the equiv-
alent permeability is that of the edifice rock or magma populated
with fractures filled with granular juvenile debris. We present the
constituent model parameters before applying the model to two
case studies—Mount Unzen (Kyūshū, Japan) and Volcán Chaitén
(Chile)—which form the basis of a discussion focussed on outgassing
efficiency and pore-pressure build-up timescales. We predict the
regime change from efficient outgassing to explosive eruption as gas
pressure build-up competes with closing and healing of fractures
by examining the timescales over which the governing mechanisms
operate. This regime change defines whether or not a fractured
system will be prone to pore pressure build-up as a consequence
of sintering-driven compaction. We analyse literature-derived data
pertaining to six different silicic volcanoes, highlighting that the
potential for explosive failure of healing fractures differs from system
to system. The MATLAB® program developed to tackle this problem
is provided as Supplementary Material, and can be used to deter-
mine equivalent permeability for a range of user-defined scenarios,
as well as number of ancillary properties such as pressure- and
temperature-dependent magma and fluid viscosity.

2. An empirical porosity reduction model

Volcanic particles will densify viscously if the temperature T of
the particles remains above their glass transition temperature Tg (e.g.
Wadsworth et al., 2014). If we assume that the material properties of
these particles are homogenous, then the following empirical com-
paction model (Russell and Quane, 2005) can be employed to cast the
time-dependent porosity 0 as a function of time t:

0(t) =
b

b − a
; b = ln

[
as

g0(1 − 0i)
t + exp

( −a0i

1 − 0i

)]
(1)

where g0 is the initial effective viscosity of the melt plus crystal
cargo at zero porosity—that is, the viscosity of the particles—and 0i
is the initial porosity. s is the external stress driving compaction
in our model, which we assume to be the overlying lithostatic (or
magmastatic) stress, referred to hereafter as the vertical compaction
stress szz (e.g. McKenzie, 2011). The role of the dimensionless coef-
ficient a is to scale the dependence of the effective viscosity of the
densifying granular mixture on 0 during compaction and therefore
encompasses several unconstrained parameters such as the pore size
and shape, particle size and shape, and pore and particle size distri-
bution (e.g. Heap et al., 2015). We adopt a constant value of a = 2,
based on high-temperature ( 800–900 ◦C) compaction experiments
performed by Heap et al. (2014) on crushed and sieved material orig-
inally derived from block-and-ash flow deposits at Mount Meager
(Canada). The experimental material was of dacitic bulk composition
(∼ 68 wt % SiO2) with a rhyolitic glass groundmass (∼ 76 wt % SiO2:
see Stewart (2002)).

The initial porosity 0i is taken as 0.40, which is typical for polydis-
perse granular material close to a random maximum packing (note
that the equivalent for a monodisperse material would be higher).
The vertical compaction stress is a function of depth ẑ taken as szz =
qb • gẑ, where qb and g are the bulk density of the overlying material
and acceleration due to gravity, respectively.

The melt viscosity in Eq. (1) is a parameter that can vary by
orders of magnitude in volcanic liquids or suspensions as a func-
tion of temperature, water content, and crystallinity. Herein, two
cases are tackled: (1) for aphyric magmas where the pure liquid vis-
cosity g replaces g0 in Eq. (1) and (2) where g0 is the viscosity of

a liquid suspending crystals. Both cases employ the model of Hess
and Dingwell (1996) to describe the liquid viscosity as a function of
temperature and the dissolved water concentration as follows:

log10(g) = a +
b

T − c
;

⎧⎪⎪⎨
⎪⎪⎩

a = a1 + a2 ln
(
CH2O

)
b = b1 + b2 ln

(
CH2O

)
c = c1 + c2 ln

(
CH2O

) (2)

for which T is in Kelvin and the parameters a, b, and c depend on
the dissolved water content CH2O (a1 . . . c2 are given in Table 1 or
in Hess and Dingwell (1996). In our model, 1012 Pa • s is taken as
a blunt description of g at Tg (e.g. Giordano et al., 2008), and we
cast g(T, CH2O) as a function of the absolute depth of each fracture
by assuming a homogeneous upper crustal density (dependent on
the case study), and assuming that the magma is initially water-
saturated. We note that compaction and fracture evolution is not
necessarily precluded at temperatures below Tg (e.g. Farquharson
et al., 2016a). Mechanical deformation of fractures at subsolidus
temperatures (e.g. fault sliding, comminution, or rotation of rigid
fragments) is not addressed in this contribution.

Equilibrium values of CH2O are determined using a temperature-
and depth-dependent solubility model (Liu et al., 2005):

Ceq =
s1p0.5 + s2p − s3p1.5

T
+ s4p1.5 (3)

where Ceq is the equilibrium solubility of H2O in a rhyolitic melt
at temperature T under pressure p (coefficients s1 . . . s4 are given
in Table 1 or in Liu et al. (2005). Assuming the crystals are sus-
pended in the larger volcanic particles such that the viscosity of
semi-crystalline particles can be taken as a suspension viscosity, the
influence of crystal fraction V on the initial effective viscosity g0 is
given by the model of Maron and Pierce (1956) (see also Mueller et
al., 2010) for suspensions of particles in viscous liquids:

g0 = g

(
1 − V

Vm

)−2

(4)

where g is the melt viscosity as derived from Eqs. (2) and (3), and Vm

is the maximum packing of crystals. Vm is dependent on the shape of
the crystals which in turn depends on their aspect ratio rp, described
by Mueller et al. (2010) in the following form:

Vm � V∗
m exp

[
− log10r2

p

2c2

]
(5)

where V∗
m is the maximum packing fraction when rp = 1 (calibrated

as 0.656), and c is an empirical parameter calibrated by Mueller
et al. (2011) to be 1.08 (for their data: experimental results for
crystal-bearing magma analogues). We highlight that although the
Maron–Pierce equation has not—to the authors’ knowledge—been
verified experimentally for the compaction of fragmented magma,
a study by Müller et al. (2007) found that the viscosity of sintering
glass powders was well described in the form of Eq. (4).

3. Extension to a permeability reduction model

Porosity 0 and permeability k of volcanic materials are often
related using one or more power laws (e.g. Klug and Cashman, 1996;
Mueller et al., 2005; Farquharson et al., 2015a; Kushnir et al., 2016;
Heap and Kennedy, 2016; Wadsworth et al., 2016b). Herein, we
employ a two-slope relation, valid for the evolution of permeability
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Table 1
Notation used.

Symbol Meaning Units Value Reference

a Characteristic particle radius m – Eq. (16)
a Limit viscosity at infinite temperature Pa • s – Eq. (2)
a1 Viscosity coefficient – 3.545 Hess and Dingwell (1996)
a2 Viscosity coefficient – 0.833 Hess and Dingwell (1996)
b Pseudo-activation energy J mol−1 – Eq. (2)
b1 Viscosity coefficient – 9601 Hess and Dingwell (1996)
b2 Viscosity coefficient – 2368 Hess and Dingwell (1996)
c Vogel–Fulcher–Tammann Temperature ◦C; K – Eq. (2)
c1 Viscosity coefficient – 195.7 Hess and Dingwell (1996)
c2 Viscosity coefficient – 32.25 Hess and Dingwell (1996)
e Compaction timescale factor – –
f Helmholtz free energy – – Appendix A
f Dimensionless Helmholtz free energy – – Appendix A
g Acceleration due to gravity m s−2 9.806
g Dimensionless Gibbs energy – – Appendix A
h Enthalpy kJ kg−1 – Appendix A
hx Enthalpy in region x – –
h∗ Reference enthalpy kJ kg−1 – Appendix A
h Dimensionless enthalpy – – Appendix A
ı Serial number – – Appendix A
j Serial number – – Appendix A
k Permeability m2 – Eq. (6)
k0 Initial permeability m2 –
kcr Critical permeability threshold m2 – Eq. (19)
kfj Permeability of fracture j m2 –
keq Equivalent permeability m2 – Eq. (7)
� Total considered lengthscale m –
�C Compaction lengthscale m – Eq. (8)
nf Number of fractures – –
ni Pore fluid viscosity parameters – – Appendix A
p Pressure MPa –
pb – pa Pressure drop over L Pa – Eq. (12)
∇p Driving pressure gradient Pa – Eq. (13)
pfj Pressure within fracture j Pa –
p∗ Reference pressure Pa – Appendix A
q Fluid flux m s−1 – Eq. (13)
r Residual component – – Appendix A
rp Particle aspect ratio – 1 Mueller et al. (2010)
s1 Solubility law constant – 354.94 Liu et al. (2005)
s2 Solubility law constant – 9.623 Liu et al. (2005)
s3 Solubility law constant – 1.5223 Liu et al. (2005)
s4 Solubility law constant – 0.00124 Liu et al. (2005)
t Time s –
t0 Start time s 0
v Pore fluid volume m3 –
wfj Width of fracture j m –
wi Width of intact material m – Eq. (7)
x∗ Porosity changepoint – 0.155 Heap et al. (2015)
ẑ Depth (vertical unit vector) m –
A Cross-sectional area m2 – Eq. (12)
A Permeability–porosity prefactor – 1.34 × 10−16 Heap et al. (2015)
B Permeability–porosity exponent – 1.01 Heap et al. (2015)
C Permeability–porosity prefactor – 7.98 × 10−26 Heap et al. (2015)
D Permeability–porosity exponent – 8.76 Heap et al. (2015)
B23 Boundary of regions 2 and 3 MPa; K – Appendix A
B3a3b Boundary of regions 3a and 3b – – Appendix A
CH2O H2O content wt% – Eq. (3)
C0 Reference H2O content wt% 1 Zhang et al. (1991)
Ceq Equilibrium H2O content wt% – Eq. (3)
D Diffusivity coefficient m2 s−1 – Zhang et al. (1991)
DaC Compaction Darcy number – – Eq. (17)
G Specific Gibbs free energy – – Appendix A
H Fluid viscosity coefficient(s) – – Appendix A
I Fluid density coefficient(s) – – Appendix A
J Fluid density coefficient(s) – – Appendix A
L Lengthscale of permeability measurement m – Eq. (12)
M Saturation pressure parameter – – Appendix A
N Saturation pressure parameter – – Appendix A
O Saturation pressure parameter – – Appendix A
PeC Compaction Péclet number – – Eq. (18)
Q Fluid discharge rate m3 s−1 –
R Specific gas constant of water kJ kg−1 K−1 0.461526 Appendix A
T Temperature ◦C; K –
T∗ Reference temperature ◦C; K – Appendix A
Tg Glass transition temperature ◦C; K –
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Table 1 (continued)

Symbol Meaning Units Value Reference

a Rheological constant – 2 Heap et al. (2014)
b Compaction model parameter – – Eq. (1)
c Particle shape parameter – 1.08 Mueller et al. (2010)
d Fracture width ratio – – Eq. (10)
g Melt viscosity Pa • s – Eq. (2)
g0 Initial effective viscosity Pa • s – Eq. (4)
h Dimensionless temperature – – Appendix A
z Saturation pressure parameter – – Appendix A
kC Compaction timescale s – Eq. (11)
kDa Darcy outgassing timescale s – Eq. (14)
kD Timescale for molecular diffusion of H2O s – Eq. (16)
q Fluid density kg m−3 –
q∗ Reference fluid density kg m−3 – Appendix A
qb Bulk density kg m−3 –
Dq Fluid–bulk density contrast kg m−3 –
3 Dimensionless fluid density – –
szz Vertical compaction stress (lithostatic or magmastatic stress) MPa –
t Reciprocal dimensionless temperature – – Appendix A
l Pore fluid viscosity Pa • s – Eq. (9)
l0 Viscosity in the dilute-gas limit – – Appendix A
l1 Viscosity due to finite density – – Appendix A
l2 Critical enhancement of viscosity – 1 Appendix A
l∗ Reference pore fluid viscosity Pa • s 1.00 × 10−6 Appendix A
p Dimensionless pressure – – Appendix A
o Ideal Gas component – –
0 Porosity – –
0i Initial porosity – 0.40
y Dimensionless pore volume – – Appendix A
yx Dimensionless pore volume in region x – – Appendix A
V Crystal fraction – –
Vm Maximum packing fraction of crystals – – Eq. (5)
V∗

m Reference packing fraction – 0.656 Mueller et al. (2010)
Y Dimensionless fluid viscosity – – Eq. (9)

at different stages of sintering-driven compaction of polydisperse
volcanic particles (Heap et al., 2015):

k =

{
A0B ∀0 ≥ x∗

C0D ∀0 < x∗ (6)

Experimentally determined values for A . . . D are given in Table 1
or in Heap et al. (2015). A threshold porosity value x∗ is defined
at 0 = 0.155, whereat the k = f(0) relationship shifts from one
power law trend to the other. Eq. (6) is used in concert with the
porosity-reduction timescale (Eq. (1)) to give a timescale of perme-
ability reduction during sintering-driven compaction of polydisperse
materials. While permeability–porosity data for variably-compacted
natural volcanic material are currently scarce, we note that the trend
determined by Heap et al. (2015)—Eq. (6)—is generally in line with
that determined through experimental compaction of rhyolitic melt
over a broad range of porosities (e.g. Okumura and Sasaki, 2014).

To determine the equivalent permeability keq of the considered
length of the conduit, we scale for a geometry whereby the fracture
permeability occurs in discrete layers and the inter-fracture spaces
are occupied by a host rock of lower permeability. This scaling uses
the fracture widths relative to the total system length considered and
has the form:

keq =
k0wi +

∑nf
j=1

(
wfj kfj

)
�

; wi = � −
nf∑

j=1

wfj (7)

where k0 is the host permeability (i.e. of the rock between the frac-
tures), and � is the total considered lengthscale (i.e. the length of the
conduit, or a fracture “window”). Each fracture has a width wf and
permeability kf, each successive wfj kfj term representing the width
and time-dependent permeability of each fracture up to nf, the total
number of fractures. The subscript j denotes the fracture number

from 1 . . . nf . (Note that the time-dependence of kf stems from the
time-dependent reduction in porosity as a function of the driving
stress—Eq. (1)—related to permeability through Eq. (6).) The intact
width wi is given by the considered lengthscale minus the sum of
all fracture widths. Fig. 3 provides a schematic illustration of this
model setup. The theoretical system comprises a conduit adjacent to

host rock with a given permeability k0 (Fig. 3A). The distance
−→
EF cor-

responds to �, the total considered length of the interface between
the conduit and the edifice. In the first scenario (Fig. 3A), lateral
migration of volatiles from the conduit is limited by k0. In the sec-
ond scenario (Fig. 3B), lateral volatile movement is a function of the
host rock permeability k0 and permeabilities of fractures 1, 2, and 3
(i.e. kfj , where j = 1, 2, and 3, respectively). Similarly, each of the
fractures comprises a fracture width wfj . Fig. 3C illustrates the time-
dependent reduction in fracture porosity (and in turn, permeability)
as sintering-driven compaction progresses. Under a constant driv-
ing stress, kfj will tend towards k0. Fig. 3 shows how the width and
permeability of each individual fracture contributes to the total frac-
ture width (as in Eq. (7)). Note that this geometry is consistent with
recent experimental data, which indicate that fractures in a (verti-
cally) shearing magma column are likely to propagate preferentially
in the horizontal plane (e.g. Kushnir et al., 2017). Vertical fractures
would not contribute to the evolution of the permeability of the
interface between the conduit and the host rock.

4. First order scaling of physical regimes

4.1. Assessing the calibrated range of the sintering model

Eq. (1) (Russell and Quane, 2005) assumes that the pressure driv-
ing compaction is constant across the width of the fracture from
bottom to top. However, if a compacting fracture exceeds a threshold
width, a significant spatial gradient in stress—and in turn, porosity—
may develop between the edge and the fracture centre, in which
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Fig. 3. Illustration of model geometry. In A) the lateral movement of fluids from the conduit to the host rock (i.e. outgassing) is shown by the arrow. The capacity for fluid migration

is a direct function of the permeability of the interface
−→
EF , which has an initial value k0. In B) the permeability of the interface

−→
EF is now a function of the initial permeability

k0 and the permeability of each of the fractures 1, 2, and 3. In C), the time-dependent reduction in porosity of a fracture (as a consequence of sintering-driven compaction) is
illustrated, which in turn yields a decrease in fracture permeability kf over time t until the fracture heals. Finally, D) shows the geometry of the model. In this simplified case, there

are six fractures along the length � (nf = 6). The total width of the fractures is the sum of their individual widths (i.e
∑nf

j=1 wfj ). Permeability of the interface
−→
EF is the equivalent

permeability keq , a function of the intact material and fracture properties as given in Eq. (7).

case the kinetics of sintering-driven compaction would become more
complex than encompassed by Eq. (1). To assess this explicitly,
the compaction length �C can be calculated (see McKenzie, 1984),
describing the length over which we can expect a significant spa-
tial gradient in porosity to occur during compaction (Kennedy et al.,
2016):

�C =
[

kfj

(
g

l

)] 1
2

(8)

where l is the pore-fluid viscosity and g is the melt viscosity as pre-
viously defined. The most abundant magmatic fluid phase in shallow
silicic conduits is H2O (e.g. Holloway, 1981); accordingly, we assume
the interstitial pore fluid is water vapour, which is both temperature-
and pressure-dependent. Normalised fluid viscosity Y is described
here by the following simplified relation:

Y =
l

l∗ =

⎡
⎣ 100

√
h∑3

ı=0
Hı
hı

⎤
⎦

︸ ︷︷ ︸
l0

×
⎡
⎣3 5∑

ı=0

(
1
h

− 1
)ı 6∑

j=0

Hıj (3 − 1)j

⎤
⎦

︸ ︷︷ ︸
l1

×
⎡
⎣1

⎤
⎦

︸︷︷︸
l2

(9)

where l∗ is a reference value of fluid viscosity, and h and 3 are dimen-
sionless temperature and dimensionless fluid density, normalised
to reference values T∗ and q∗ respectively. An explanation and the
derivation of factors l0, l1, and l2, including tables of values for
coefficients ı and j are given in Appendix A. In turn, the pressure-
and temperature-dependent pore fluid viscosity is given by l(p, T) =
Y •l∗. The parameter d is used here to define the ratio between
the fracture width and compaction lengthscale (Eq. (8)), in order

to determine the fracture width range over which the compaction
model may be assumed to be valid:

d =
wfj[

kfj

(
g
l

)] 1
2

. (10)

Eq. (1) is here assumed to be valid while the fracture is sufficiently
narrow (d � 1). If d > 1, then gradients of porosity will occur on
the scale of the fracture width, meaning that the relatively simple
kinetic model of Eq. (1) would no longer capture the complexities of
sintering-driven compaction: in this case the scaling of permeability
would be accordingly nontrivial (note however, that sintering-driven
compaction is not necessarily precluded when d > 1; rather d gives
a realistic indication of the lengthscale over which compaction can
be considered homogeneous). We impose a first order bound on d of
100 (i.e. unity, also imposed in the accompanying MATLAB® model),
above which Eq. (1) may not wholly capture the complexities of
sintering wide fractures. It is reliant not only on the fracture width—
wider fractures are more likely to exceed the critical width—but also
the parameters which affect the viscosities of either the melt or the
pore fluid (T, CH2O, V).

4.2. Gas escape versus gas retention

Consider an isothermal fracture, filled with some combination of
particles and interstitial pore fluid. A given volume v of pore fluid
will reside in the initial pore space, at an initial pressure p related
to the volume by Boyle’s law (p ∝ v−1). If a load is imposed per-
pendicular to the fracture plane, viscous compaction can occur as
discussed above, and three ensuing scenarios may be envisaged. In
the first instance, the rate of fluid flow from the fracture is larger
than the rate of porosity reduction, in which case pressure remains in
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equilibrium with the interstitial pore volume. We term this case the
outgassing regime. If, on the other hand, pore pressure equilibrium
cannot be maintained during compaction because the rate of Dar-
cian fluid flow is lower than the rate at which a significant amount of
compaction can occur (which is to say that the fluid flow timescale is
greater than the compaction timescale), then two different possibil-
ities arise. Volatiles may be exchanged with the sintering melt: the
diffusive relaxation regime, or pore pressure may increase in accor-
dance with Boyle’s law as the volume of pore space is reduced: the
pressure increase regime. Pressure increase can be a major driver of
explosive fragmentation (e.g. Papale, 1999; Spieler et al., 2004; Mel-
nik et al., 2005), so finding the conditions under which this regime is
reached is of key importance.

Distinguishing which of these regimes dominates in a sintering
fracture system depends on comparing the characteristic timescales
(k) over which they are operative. Accordingly, the following section
develops a critical compaction time for pore pressure equilibrium
(i.e. whether a given fracture is in the outgassing regime or oth-
erwise). The compaction time is defined as the time taken for the
porosity 0 of a magma with initial effective viscosity g0 to decrease
by a factor of e (an arbitrary small quantity) from the initial value
0i. This is a function of the driving stress (e.g. Sparks et al., 1999;
Nguyen et al., 2014); thus, from Eq. (1), the characteristic compaction
timescale kC scales as:

kC � g

aszz
. (11)

Darcy’s law defines a proportional relationship between dis-
charge rate Q of a fluid with viscosity l through a porous medium,
such that

Q =
−kA
l

pb − pa

L
(12)

where k is the permeability of the porous medium and A is the cross-
sectional area for fluid flow. In a fluid transport system, flow is driven
towards the region of lowest potential energy: in the special case of
horizontal flow, this may be described by a differential between a
region of relatively high pressure pb to one of relatively lower pres-
sure pa (a pressure differential or pressure drop ∇p). L is thus defined
as the lengthscale over which the pressure drop pb − pa is occurring.

In more general notation, we can formulate Eq. (12) in terms of
the flux q (i.e. the discharge per unit area) by dividing both sides of
the equation by A:

q =
−k
l

∇p
L

. (13)

As q is in units of m s−1, we can rearrange further to obtain
a Darcy timescale in s (here called the outgassing time kDa) that
describes the time it would take an aliquot of fluid to travel the
length of the system and escape under a pressure gradient ∇p . Thus:

kDa =
lL2

−k∇p
. (14)

In the context of our model, the permeability k is that of each
fracture kfj , and the system length L corresponds to the vertical dis-
tance from each fracture to its edge (wfj /2: see Fig. 3). Fluid flow
through a given fracture (i.e. laterally) will be greater than vertical
fluid flow from the fracture, making the latter orientation the limit-
ing factor for gas escape. The initial pore pressure distribution with a
dense bed of fluidised particles should approach the lithostatic pres-
sure (e.g. Wilson, 1984; Miller, 1990; Sparks et al., 1999). As such, the
initial pressure differential ∇p of the interstitial pore fluid is given by

Dq • gẑ, where Dq represents the contrast between the bulk density
of the granular sintering material and that of the pore fluid which—
in concert with gravity and depth as defined previously—provides
the driving force for Darcian outgassing from compacting fractures.
The pressure differential is described by ∇p = (qb − q) • gẑ or, equiv-
alently, ∇p = szz − q. Given that pore fluid density q is negligible
compared to that of the granular melt (i.e. q � qb: see Appendix A),
it can be discounted and thus ∇p becomes equivalent to szz:

kDa =
l •
(wfj

2

)2

kfj szz
. (15)

A third timescale to consider is that of volatile resorption from the
interstitial pore space into the sintering particles (i.e. the timescale
for molecular diffusion of water). This timescale kD is obtained by
considering that the timescale of diffusive resorption is controlled by
total surface area of the particles (e.g. Sparks et al., 1999), and can be
estimated by:

kD =
a2

D (16)

where a is the characteristic particle radius and D is the diffusivity
coefficient of the melt.

Comparing the timescales of compaction (Eq. (11)) and out-
gassing (Eq. (15)), defines a dimensionless compaction Darcy number
DaC (describing the competition between the effects of medium
permeability, characteristic lengthscale, and viscous compaction):

DaC =
kC

kDa
=

gkfj

al •
(wfj

2

)2
. (17)

DaC > 1 implies that the pore pressure can equilibrate during
compaction such that no pore pressure increase is expected and the
system is in the outgassing regime. By contrast, for DaC < 1, the
system may be in either of the pressure increase or diffusive relax-
ation regimes as compaction proceeds. The ratio of the compaction
timescale and the characteristic diffusion timescale yields a com-
paction Péclet number PeC (the ratio of compaction and diffusive
processes during compaction), such that:

PeC =
kC

kD
=

gD
aszz •a2

. (18)

PeC > 1 indicates that molecular diffusion of water can proceed
at a pace sufficiently rapid to compensate for the ongoing reduc-
tion in porosity. The system is thus in the diffusive relaxation regime,
and stress is dissipated diffusively through volatile resorption. On
the other hand, if PeC < 1, then reduction of the pore space occurs
at a faster rate than can be compensated by Darcian or diffusive
processes. As such, the interstitial pore pressure will increase in
accordance with Boyle’s law (i.e. wfj 0

−1 ∝ pfj , where pfj is the pore
pressure within fracture j ).

Thus we have three conditions:

1. kDa < kC, the outgassing regime,
2. kDa > kC > kD , the diffusive relaxation regime, and
3. kDa > kD > kC, the pore pressure increase regime

Following this line of reasoning indicates that a critical perme-
ability exists—which will be hereafter termed kcr—which represents
the minimum permeability that will allow pore fluid to migrate and
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outgas from a fracture (i.e. by rearranging for the case of kC = kDa

such that DaC = 1):

kcr =
al •

(wfj
2

)2

g
. (19)

Significantly, defining this threshold offers a quantitative foun-
dation upon which to base discussion on the propensity for pore
pressure to evolve in volcanic fracture systems. Fig. 4 plots kcr against
the ratio of melt and pore fluid viscosities, contoured for differ-
ent fracture widths. If fracture permeability is equal to or less than
the critical permeability—for given melt and pore fluid viscosities—
interstitial pore pressure may increase (dependant on Eq. (17)),
precluding effective sintering of the fracture and pressurising the
system, perhaps towards failure. Given the high permeability of a
newly generated fracture (Heap and Kennedy, 2016), the requisite
fracture width to allow kfj = kcr is impossibly large for relevant
viscosities (on the order of hundreds or thousands of m). How-
ever, as sintering-driven permeability reduction occurs, DaC will
tend towards unity and kfj will tend towards kcr. Assuming that the
fractured material will always tend to sinter back towards its pre-
fracture state (reasonable for low-crystallinity systems), then pore
pressure build-up is always precluded in cases where the initial host
permeability k0 is below kcr.

Whether or not pore pressure will ultimately increase depends
also on the diffusion timescale kD (Eq. (16)). Calculation of this
timescale requires the characteristic particle size within the heal-
ing fracture to be known. This may be evaluated from preserved
ejecta or dissected conduits: for example, Saubin et al. (2016) note
a particle size of ∼ 60 lm or greater (i.e. a = 3.0 × 10−5 m) for the
tuffisite of Fig. 2A. Through a series of dehydration experiments on

Fig. 4. Dimensional analysis. The critical permeability kcr (Eq. (14)) is shown versus
the viscosity ratio g/l for different fracture widths wfj . When a fracture is generated,
its permeability will be high. This permeability decreases with time as a consequence
of sintering-driven compaction. If, for a given wfj and a given g/l, the permeability
of the fracture kfj intersects the critical permeability, then pore pressure will be in
disequilibrium. Thus, if the pre-fracture permeability k0 is lower than the threshold
kcr , pore pressure may increase after a certain degree of compaction. Shaded boxes
indicate ranges of kcr for different volcanic systems (refer to Section 4.3 for values and
references).

hydrous rhyolitic melts, (Zhang et al., 1991; Zhang, 1999) correlate
D to temperature and water content such that

D(H2O) =
CH2O

C0
exp

(
−16.83 − 10992

T

)
(20)

where CH2O and C0 are the water content and a reference value (1 wt
%), respectively, and T is in Kelvin. For the temperature range consid-
ered in our model, values of D tend to be on the order 10−12 m2 s−1

(in agreement with other experimentally-derived empirical approx-
imations of D, e.g. Doremus, 2000; Okumura and Nakashima, 2004).
Accordingly, we obtain typical values for kD on the order of s to
min. Note that more complex models for water diffusivity in mag-
matic liquids have since been proposed, including Zhang and Behrens
(2000), Ni and Zhang (2008), and Zhang and Ni (2010). These more
recent models seek to refine the pressure-dependence of D(H2O),
which is not considered here.

Pressure evolution in sintering fractures can be determined by
constraining the dimensionless ratios DaC and PeC (Eqs. (17) and
(18)). The former relates to the evolution of the permeability of an
individual fracture relative to the critical threshold for that frac-
ture (kfj and kcr), while the latter delimits the relative timescales of
diffusive mass transport and fracture healing. We highlight that in
either case, these relations rely on fracture depth (i.e. pressure): the
compaction Darcy number is governed partially by l(p), while the
compaction Péclet number is governed D(H2O), in turn a function of
Ceq(p). Note that in the first case, the pressure-dependent variable is
part of the denominator, while for PeC, the pressure-dependent vari-
able comprises part of the numerator. Ultimately, this means that
deeper fractures will exhibit relatively high values of kcr and short
kD times, whereas shallow fractures will have lower values of kcr

and longer kD times (all other factors being equal). Thus in general,
shallow fracture systems are more likely to outgas volatiles via Dar-
cian flow than deep fracture systems. However, in the case where
the host permeability is lower than the critical threshold, deep frac-
ture systems may be relatively more likely to dissipate stress by
way of efficient mass diffusion, whereas pressure increase may be
anticipated in the shallow case.

4.3. A critical permeability threshold in natural systems

In concert with constraint of the typical fracture widths observed
in a given system, estimates of pre-eruptive g0(T, CH2O,V) and l(p, T)
can be used to determine the critical permeability threshold for that
system. Fig. 4 shows ranges of kcr for six different volcanic systems,
where the relevant data are available in the literature or can be
modelled using the equations above (Eqs. (2)–(5), (9)).

• At Puyehue–Cordón Caulle (Chile), Schipper et al. (2013) pro-
vide estimates of mm- to m-scale fractures in rhyolite. Despite
relatively high post-emplacement crystallinities (e.g. Schipper
et al., 2013) and hence high post-emplacement viscosities
(e.g. Farquharson et al., 2015b), the Puyehue–Cordón Caulle
magma was estimated to be aphyric in the magma chamber
and close to aphyric on eruption, with phenocrysts embody-
ing approximately 5% by volume (Castro et al., 2013). The
storage temperature has been estimated between 870 and 920
◦C. Repetitive fracture and healing and ephemeral gas venting
has been proposed to occur at relatively shallow depth in the
Puyehue–Cordón Caulle system (Schipper et al., 2013). Thus
we impose equilibrium water contents corresponding to 200–
20 m depth: the inferred range for shallow sub-surface magma
migration at Puyehue–Cordón Caulle (Castro et al., 2016). Cal-
culated viscosities are therefore somewhat higher (g0 on the
order of 106–108 Pa • s) than those estimated for the storage
conditions by Castro et al. (2013).
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• At Mount Unzen, descriptions of fragment-filled fractures are
provided by Goto et al. (2008). Viscosity is determined assum-
ing a pre-eruptive temperature of 850 ◦C (Nakada et al., 2005),
a crystal content of ∼0.25 (Holtz et al., 2005), and an equi-
librium water content. These features are discussed further in
Section 6.1.

• At the Mule Creek vent (New Mexico, USA), abundant ash-filled
fractures were described by Stasiuk et al. (1996). Typical frac-
ture widths range from 10–50 mm, and Stasiuk et al. (1996)
estimate a pre-eruptive temperature around 800 ◦C, and note
a phenocryst content of approximately 5 vol%. Stasiuk et al.
(1996) indicate that the conduit-dwelling rhyolitic magma at
Mule Creek was initially water-saturated, thus (as an initial
condition) Ceq is calculated for the relevant depth range (150–
1000 m). Indeed, as a result of effective outgassing during
magma ascent, the conduit magma water content is thought to
have been much lower than the 2.5–3.0 wt% measured in melt
inclusions (Stasiuk et al., 1996).

• At Volcán Chaitén, preserved specimens such as that in Fig. 2A
highlight that fracture widths may range from around 1 mm
to several tens of mm. A pre-eruptive magma temperature of
825 ◦C was determined by Castro and Dingwell (2009). These
features are discussed further in Section 6.1.

• At Torfajökull (Iceland), McGowan (2016) measured water con-
centrations between 0.08 and 0.16 wt% in tuffisites and the
surrounding host obsidian, although some previous estimates
have been somewhat higher (∼0.27 wt%: Tuffen et al., 2001;
∼0.58 wt%: Berlo et al., 2013 ). Tuffisites were recorded as being
typically 1–20 mm in thickness by McGowan (2016), encom-
passing the values of 13–15 mm reported by Berlo et al. (2013).
Berlo et al. (2013) estimate a pre-eruptive temperature of
800 ◦C, and we assume the rhyolite is aphyric.

• Finally, ash-filled fractures have been frequently observed at
Volcán de Colima, as highlighted in previous studies ( Kolzen-
burg et al., 2012; Kendrick et al., 2016; Farquharson et al.,
2016b, see also Fig. 2B). Kolzenburg et al. (2012) studied the
strength and permeability of tuffisite-bearing andesite, esti-
mating the typical width of such fractures to range between 3
and 50 mm. In a recent study, Kendrick et al. (2016) calculate
the relevant viscosity based on a conduit temperature of 940 ◦C
from Reubi et al. (2013) to be in the range 1010.8–1011.9 Pa • s.

Evidently, different volcanic systems vary greatly in terms of
their rheological properties and the typical range of fracture widths
observed (Fig. 3). Notably, the influence of crystal and water content
may result in significant variability in g/l. Consequently, this means
that different systems have different propensities for pore pressure
augmentation and explosive failure. If kcr is high (e.g. Puyehue–
Cordón Caulle), the likelihood that it exceeds the initial permeability
k0 is also high. In this case we may expect frequent pressure increases
within tuffisites, giving rise to recrudescent fracturing or precluding
effective sintering. Indeed, this is consistent with general observa-
tions at this system: Schipper et al. (2013) report semi-continuous
explosive ash-exhausting events during hybrid explosive-effusive
activity at Puyehue–Cordón Caulle between 2011 and 2012. Con-
trastingly, if the value of kcr is very low (e.g. Volcán de Colima, a rel-
atively more crystalline system), there is a strong possibility that the
permeability of the host material will lie above this threshold. In this
case, significant pore pressure increases are not generally expected.
Rather, frequent tuffisite generation should serve to effectively bleed
off pressure and reduce the propensity for dome eruptions over time:
the conclusion drawn by Kendrick et al. (2016), who investigated
the permeability of experimentally sintered andesite and natural
tuffisites from Volcán de Colima.

Taken together, the ranges of kcr plotted on Fig. 4 give an indi-
cation as to which systems are relatively more effective at shedding

volatiles via subsurface fracturing. Indeed, we can infer that vol-
canic environments wherein kcr is generally high may be more
prone to generating pore overpressures: a key pre-requisite for
explosive fragmentation (Papale, 1999; Spieler et al., 2004; Melnik
et al., 2005). In concert with the timescale of molecular diffusion,
it provides a useful metric with which to quantify the efficiency of
fracture-assisted outgassing, based on the physical mechanism of
permeability reduction due to fracture healing.

5. Model limitations

Despite the progress made using this model, it must rely on a
number of assumptions, which are important to state explicitly. Note
that several of these caveats are specifically addressed above.

First, the model assumes that the material within the fractures
is juvenile, i.e. it exhibits the same material properties (such as
composition) and is under the same environmental conditions (e.g.
temperature) as the surrounding material. While the results still hold
as long as the granular fracture-fill exhibits homogeneous chemi-
cal properties, care should be taken when the fracture material is
demonstrably allochthonous. Similarly, the model assumes that the
fracture-fill material is itself homogenous in terms of composition,
and that the mean particle size is greater than the effective crystal
size. Accordingly, we assume that the initial viscosity of the gran-
ular material can be described by the model of Hess and Dingwell
(1996)—which was developed for rhyolitic melts—in concert with
the particle suspension and solubility models of Mueller et al. (2010)
and Liu et al. (2005), respectively. The system is further assumed to
be isothermal, which therefore precludes the possibility of evolution
of the effective viscosity due to heating or cooling processes (e.g.
Costa et al., 2007). We note that compaction timescales will be influ-
enced by the particle size distribution within the fracture; potential
differences in this parameter are not explicitly accounted for in our
model. However, the initial value of 0i (0.40) reflects the volume
fraction of randomly close-packed polydisperse granular material.

Compaction is driven by the overburden stress, which is a func-
tion of the bulk density of the host material: this is assumed to be
homogenous over the lengthscale �. Further, the constant a is taken
to equal 2, after Heap et al. (2014). We note that a lower value (0.78)
has been previously obtained by Quane et al. (2009) for sintered
volcanic ash, and higher values (2.4 –5.3) have been determined
for sintered glass powders and glass beads (Ducamp and Raj, 1989;
Quane and Russell, 2005, respectively). We adopt the value obtained
by Heap et al. (2014) as their starting material (polydisperse ash-
to lapilli-sized dacitic aggregate with a rhyolitic groundmass) most
closely resembles the fragmental volcanic material envisaged in our
model. We highlight that these values are always of the order 100,
meaning that the results of Eqs. (1), (17), (18) and (19) are rela-
tively insensitive to variations in a. In this model, the time taken for
fractures to fill with particulate material is assumed to be negligibly
small. While this is appropriate for fracture infill generated locally
(i.e. on the fracture planes), in the case of a fracture being filled
with allochthonous material there would exist some finite filling
time, which is not accounted for in the calculated healing timescales
(nevertheless, we anticipate this filling time to be on the order of
seconds or minutes, rather than hours or days). Further, the heal-
ing timescales discounts the possibility of buffering by gas (e.g. Rust
et al., 2004), fracture propping due to clastic deposition of particles
(e.g. Heiken et al., 1988; Tuffen and Dingwell, 2005), or fluid flux-
driven alteration, corrosion, dissolution, or precipitation processes
(e.g. Africano and Bernard, 2000; Edmonds et al., 2003; Witham et al.,
2005; Delmelle et al., 2007; Mueller et al., 2017).

A further assumption is that under a constant driving stress—
in this case, the overburden pressure—fractures will heal entirely
given sufficient time. The model is one-dimensional, so fracture
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length perpendicular to the conduit wall is ignored. This means that
horizontal fractures of the same width are treated the same, irrespec-
tive of whether they have infinite or infinitesimal length. A related
assumption is that lateral fluid transport (i.e. along the fracture) is
always greater than fluid transport perpendicular to the fracture ori-
entation (i.e. vertically from the fracture to the host material). Thus
the limiting factor defining whether the interstitial pore pressure—
which is initially defined as hydrostatic—may increase is fluid trans-
port in the vertical direction (addressed by Eq. (16) and the attendant
discussion). Eq. (1) assumes that the pressure driving compaction is
homogenous over the width of the fracture. Section 4.1 addresses
this explicitly. Finally, we highlight that uncertainties arise from
choosing certain constituent models over alternatives (for example,
the viscosity model of Hess and Dingwell (1996) over the more com-
plex model of Giordano et al. (2008). However, within the range of
relevant p–T conditions, the absolute value of parameters such as g,
Ceq, or D tend to be on the same order of magnitude irrespective of
the model employed. The MATLAB® code developed in this study
is provided as Supplementary Material, affording the user the pos-
sibility of substituting or altering functions depending on different
scenarios. Despite the inherent assumptions required in empirical
modelling of natural processes, much can be gleaned from integrat-
ing experimental and observational data into a numerical approach
as described herein. The subsequent section investigates this further.

6. A computational tool for volcanologists

As part of the Supplementary Material, a MATLAB® script is pre-
sented which combines the series of equations above into a tractable
calculation. The flexible algorithm allows a particular system of
interest to be defined in order to predict densification timescales
and equivalent permeabilities. Input parameters include a uniform
magma temperature, a depth range (“fracture window”) of interest,
the density and mean width of fractures within the considered depth
range, and the crystal cargo of the magma. In actively outgassing
fractures, H2O content may be below the equilibrium value. As such,
the MATLAB® script includes the option for to use either the equi-
librium solubility solution or define a particular CH2O value. Given
that the precise distribution of fractures within a volcanic system is
rarely known, a function is included which randomly positions frac-
tures within the fracture window until the desired fracture density is
achieved without overlap. The following subsection draws on litera-
ture data for two different volcanoes in order to explore and compare
the timescales of permeability evolution in these systems.

6.1. Case studies: Mount Unzen and Volcán Chaitén

A drilling project between 1999 and 2004 recovered cores from
the andesitic–dacitic feeder conduit of Mount Unzen, affording an
unprecedented description of the subsurface architecture of a poly-
genetic stratovolcano. Fractures containing variably-sized fragments
(ash- to lapilli-sized Nakada et al., 2005) were observed and quan-
tified radiating laterally from the conduit (Goto et al., 2008). These
infilled fractures (so called “volcaniclastic veins”) were found to com-
prise polydisperse granular material petrographically identical to the
host material (both coherent and brecciated andesite and dacite).
Goto et al. (2008) suggest two stages of vein development: first, frac-
tures were generated in viscous, crystalline magma or the subsolidus
host rock. Thereafter, fractures were infilled rapidly as a result of
near-in situ fragmentation and granulation, presumably of mate-
rial derived from the fracture planes. Alteration of the surrounding
material indicates that fluids and particles were emplaced in the frac-
tures at high temperature. Using the fracture density and the mean
fracture width (2.2 m−1 and 0.035 m, respectively) presented in

Goto et al. (2008), the timescale for which these fractures could pro-
vide effective outgassing pathways for magmatic volatiles can be
estimated.

The generation of these fractures has been proposed to be mech-
anistically associated with isolated tremor events, recorded within
the lava dome to as deep as 1500 m below the central vent of Mount
Unzen and preceding the dome-forming eruptive activity of 1991–
1995(Nakada et al., 1999; Goto et al., 2008). Assuming an interme-
diate initial crystal content of V = 0.25 (Holtz et al., 2005; Noguchi
et al., 2008), a temperature of 850 ◦C and bulk density of 2500 kg
m−3 (Nakada et al., 2005), and an initial host rock permeability of
2.6 × 10−17 m2 (based on 0 = 0.002 from Nakada et al. (2005),
total healing timescales of 35–50 min are calculated (Fig. 5A). Fig. 5A
shows that equivalent permeability increases significantly upon frac-
turing (t0) followed by a sintering-driven permeability reduction.
The reduction in equivalent permeability is nonlinear, a function of
the two-slope relation of Eq. (6). After approximately 30 min, all
fractures have entirely healed and the magma has regained its pre-
fractured state, in line with previous estimates of fracture healing
timescales at Mount Unzen and elsewhere (Tuffen et al., 2003).

In order to estimate the diffusion timescale kD in this scenario,
we assume a characteristic particle radius of 50 lm (Nakada et al.,
2005; Goto et al., 2008). Eqs. (16) and (20) thus yield diffusion
timescales between around 400 and 5700 s (∼ 7–95 min), depend-
ing on the fracture depth (typically, the deeper a fracture, the greater
the water content, and the shorter the diffusion time). Further, we
calculate the critical permeability kcr after Eq. (19), determining
values ranging from 10−17 to 10−14 m2, again dependent on the
fracture depth: relatively deeper fractures yield higher values of kcr

than their shallow counterparts. To illustrate the concepts described
in Section 4.2, we include the calculated kD and kcr for the shal-
lowest fracture on Fig. 5A (as shallow fractures take longer to heal
than deep fractures, shallow fractures may be considered the rate-
limiting factor for total healing). In the Mount Unzen scenario, the
diffusion timescale is significantly longer than the time taken for
total healing of all fractures, indicating that resorption of exsolved
water cannot occur effectively during sintering-driven compaction
(in shallow fractures). However, the critical permeability threshold
lies below the initial permeability of the material, meaning that fluid
can escape from the fracture via Darcian flow (the system is thus in
the outgassing regime).

The 2008 eruption of Volcán Chaitén produced abundant evi-
dence for fractures in which volcanic particles densified either
wholly, to be preserved as dense obsidian, or partially, to be pre-
served as tuffisites (Castro et al., 2012; Saubin et al., 2016, see
also Fig. 2A). The average pre-eruptive temperature of 825 ◦C was
determined by Castro and Dingwell (2009). Saubin et al. (2016) use
microtextures and chemistry of the tuffisite shown in Fig. 2A to show
that it was actively transporting gas and ash between 360 and 210 m
depth (prior to its explosive ejection); for our case study we infer a
fracture zone from near the surface down to a depth of 500 m.

Castro et al. (2012) measured H2O diffusion profiles in tuffisite-
bearing blocks from Chaitén, and note that—unless tuffisites
intersect highly permeable zones within the conduit—very small
fracture spacings are required for diffusive degassing from tuff-
isites to constitute an effective mechanism of gas loss. With this
in mind, we can take a fracture density of 250 m−1 with a mean
spacing on the order of 10−3 m as an upper bound on the frac-
ture number and density at Volcán Chaitén. Here, we assume
that a fracture width of 10−3 m (Berlo et al., 2013) is typical of
the system, though as evident in Fig. 2A, fractures may be sig-
nificantly wider. In this scenario, the deepest fractures heal in a
matter of seconds, while shallow fracture take up to ∼50 min
to heal, with the equivalent permeability of the system drop-
ping accordingly by up to 12 orders of magnitude (Fig. 5B). This
is in agreement with the fracture lifespans considered by, among
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Fig. 5. Permeability evolution for two case studies. A) Permeability evolution calcu-
lated using fracture width data for Mount Unzen (see text for references). Total healing
time (the time for keq to return to k0) is between 35 and 50 min. For the given fracture
geometry and effective viscosity (refer to text), critical permeability is around 10−17

m2, below k0. B) Permeability reduction for Chaitén scenario. Total healing time is
around 47 min. In this case, kcr ranges between 10−18 and 10−21 m2, meaning that this
threshold will be achieved before the complete closure of the fracture system. As the
diffusion timescale is greater than the permeability reduction timescale, overpressure
can build. Note that either case, only the diffusion timescale kD and critical perme-
ability kcr for the shallowest fractures are shown. Permeability evolutions shown are
results of 50 randomly generated fracture geometries. Note that the Chaitén case study
exhibits less variability in terms of the permeability evolution path. This is a function
of the relatively smaller fracture spacing in this example: smaller spacing results in
fewer potential fracture distributions, hence less inherent stochasticity.

others, Tuffen et al. (2003), Castro et al. (2012), Berlo et al. (2013),
and Saubin et al. (2016), who derive timescales ranging from ∼10
min to 1 day. As with the Mount Unzen scenario, we calculate the
diffusion timescales after Eqs. (16) and (20), and the critical per-
meability using Eq. (19). Values of kD are between around 350 and
2600 s (∼ 6–43 min) using a characteristic particle radius of 30 lm
(Saubin et al., 2016), while kcr is determined to be on the order 10−21

to 10−18 m2, depending on the fracture depth. We plot the diffusion
timescale and critical permeability of the shallowest fracture in

Fig. 5B. Notably, the diffusion timescale is significantly longer than
the predicted healing time (as in the Mount Unzen case: Fig. 5A).
However, the critical permeability threshold kcr lies above the initial
permeability k0 and the condition kDa > kD > kC is fulfilled, placing
the system in the pressure increase regime.

Despite exhibiting comparable healing timespans, our model pre-
dicts disparate behaviour from the two case study systems—Mount
Unzen and Chaitén—arising from different gas evolution mecha-
nisms, with some important distinctions highlighted in Fig. 5. In
Fig. 5A (the Mount Unzen case), a low density of relatively wide frac-
tures transiently increases the equivalent permeability of the system
by ∼4 orders of magnitude. In Fig. 5B (the Chaitén case), thin but
abundant fractures (representative of a heavily brecciated conduit
margin, for example) increases the equivalent permeability of an
essentially impermeable host material to almost 10−10 m2, consti-
tuting extremely effective potential routes for gas and ash escape
until the shallowest fractures begin to heal, after which the perme-
ability of the system drops off swiftly. Such a rapid permeability
shut-off will facilitate pressure increase within densifying magma.

Pressure build-up is compounded by the evolution of fracture
permeabilities relative to the critical permeability. For Mount Unzen
(Fig. 5A) it is evident that the threshold kfj = kcr will not be achieved,
kcr being lower than the initial permeability. Ultimately, this means
that fractures will tend to heal entirely, with volatiles being actively
outgassed from magma via Darcian flow. In the Chaitén scenario
however (Fig. 5B), the depth-dependent values of kcr are around 7
× 10−21 m2 and higher. During the final stages of sintering, frac-
ture permeabilities in the Chaitén scenario will intersect this value,
even when the mean fracture width is very narrow. Due to the long
diffusion timescale relative to the permeability reduction timescale
(Fig. 5B), this will inevitably lead to an increase in pore pressure
which may promote additional fracturing—evidence of which has
been observed within partially-sintered fractures at Chaitén (Saubin
et al., 2016) as well as in other volcanic environments (Tuffen et
al., 2003)—or may result in more violent explosive failure. Indeed,
field and experimental evidence (Saubin et al., 2016) highlights
that pressurisation can cause tuffisites—nominally effective at vent-
ing magmatic volatiles and promoting quiescent behaviour—to be
forcibly ejected from depth during Vulcanian explosions.

6.2. Perspectives

Volcanoes are inherently capricious, not least due to the poten-
tial for rapid and significant evolution of permeability in space and
time. Accounting for permeability variation in the upper conduit
and edifice is a fundamental challenge for the development of gas
evolution models that more closely reflect nature (e.g. Collombet,
2009; Collinson and Neuberg, 2012; Saubin et al., 2016). Here we
outline a step towards integrating numerical modelling, field obser-
vations, and experimental data in a coherent and useful manner. We
acknowledge that the relatively simple model presented here may
not fully capture the complexities of outgassing from volcanic con-
duits: for example, the approach outlined herein neglects gas input
to the system (or assumes a steady-state condition whereby the fluid
inputs and outputs of the fracture system are equal and the gas vol-
ume is thus constant). A valuable development of the model would
be to incorporate the capacity for volumetric increase or decrease
of the gas phase, or to allow for the initial pore fluid condition to
be non-hydrostatic. Nevertheless, the combination of porosity and
permeability reduction timescales with a parallel layer flow model
provides a useful a tool with which to estimate the evolution of
permeability in volcanic systems over time. With certain caveats,
the parallel layer model allows the upscaling of laboratory obser-
vations to field-scale, offering information on the expected healing
and permeability reduction timescales of zones of fractured magma.
Moreover, the determination of a critical permeability threshold and
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the typical diffusion timescale of magmatic water affords a diag-
nostic tool to explain whether or not pore pressures will be prone
to increase in a fractured volcanic system, as illustrated in Fig. 4.
We highlight that there exists scope for the inclusion of a range
of geophysical and geochemical data in the model in order to base
the computations on reasonable values. For example, Neuberg et al.
(2006) investigated low-frequency volcanic earthquakes in order to
argue for a seismogenic fracture zone at 1500 m depth in the con-
duit of Soufrière Hills Volcano, Montserrat. Modelling fluid flow in
the conduit, Thomas and Neuberg (2012) reproduced this seismo-
genic fracturing at 830 m depth (or at 1500 m depth if they invoked
a conduit constriction from dyke to pipe geometry), indicating a crit-
ical depth whereat magma fracture is associated with high ascent
rates at the conduit wall. As well as scientific drilling, the inves-
tigation of otherwise dissected conduits, and the examination of
fracture-bearing ejecta—each critical to further our understanding of
sub-surface permeable architectures in volcanic environments—this
method offers a potential avenue by which to incorporate realis-
tic depth ranges for the “fracture window”. Further, experimental
studies of porosity and permeability reduction under volcanically-
relevant conditions (e.g. Okumura and Sasaki, 2014; Heap et al.,
2015) are fundamental in underpinning the relative evolution of
these physical properties during periods of activity and repose. Other
promising fields are the combination of permeability evolution mod-
els with monitored volumes and timescales of gas emission, which
can be used to estimate the bulk system permeability at actively
outgassing volcanoes (e.g. Edmonds et al., 2003).

7. Conclusions

The efficiency of fracture-assisted outgassing depends on the
width and spatial distribution of infilled fractures (i.e. tuffisites) in
a given volcanic system, the timescales over which they are oper-
ative, and the permeability of the surrounding material. We define
three primary mechanisms governing interstitial pore fluid pressure
in a sintering fracture system: compaction, outgassing, and volatile
resorption. These operate over different timescales, and the respec-
tive ratios of these are thereafter used to define whether the a
fracture system is in one of three states:

1. the outgassing regime
2. the diffusive relaxation regime, and
3. the pore pressure increase regime.

Significantly, a critical permeability threshold kcr is also defined,
determined using fracture geometry and effective viscosity param-
eters, which dictates whether a given volcanic fracture system is in
the outgassing regime or otherwise. If fracture outgassing is ineffi-
cient, the system may be in either of the other two states. We can
distinguish which by then comparing the (potential) time taken for
complete fracture healing and the time required for resorption of the
interstitial exsolved gas phase within the fractures.

Literature data pertaining to two case studies, Mount Unzen and
Volcán Chaitén, show that this model can not only predict timescales
over which permeability will evolve, but also—crucially—highlights a
fundamental difference in their propensities for pore pressure build-
up during fracture-healing cycles. In a permeable system, fractures
may provide effective outgassing pathways, which will heal over
time until the system retains its original permeability. In a low-
permeability system, fractures will similarly yield a highly efficient
outgassing mechanism. However, pore pressure will increase as the
decreasing fracture permeability intersects the critical permeability
(a function of the effective viscosity and the mean fracture width).
This means that either (1) the system will not achieve its pre-fracture
permeability or (2) the system will be driven inexorably towards
explosive failure. Literature data is used to determine the ranges of

the critical permeability threshold for six silicic volcanoes: Puyehue–
Cordón Caulle, Mount Unzen, Mule Creek, Chaitén, Torfajökull, and
Volcán de Colima. Notably, the wide span of their critical values
reflects the spectrum of eruptive activity observed at these systems.

Acknowledgments

We thank Luke Griffiths, Alexandra Kushnir, and Jérémie Vasseur.
JIF and MJH acknowledge an Initiative d’Excellence (IDEX) “Con-
trats Doctoraux” grant and an IDEX “Attractivité” grant (VOLPERM),
respectively (both funded by the University of Strasbourg). MJH
also acknowledges funding from CNRS-INSU grant “Permeability
reduction in densifying magma”. This work has been published
under the framework of LABEX grant ANR-11-LABX-0050_G-EAU-
THERMIE-PROFONDE and so benefits from state funding managed
by the Agence Nationale de la Recherche (ANR) as part of the
“Investissements d’avenir” program. FBW acknowledges funding
from Advanced grant (Explosive Volcanism in the Earth System:
Experimental Insights; EVOKES, 247076). Amy Ryan and an anony-
mous reviewer are thanked for their constructive feedback. Hugh
Tuffen and an anonymous reviewer are thanked for comments on a
previous draft of this manuscript.

The MATLAB® program described herein can be downloaded at:
https://figshare.com/s/c5ff28905ed1ba93a19b.

Appendix A

A.1. The basic equation for water viscosity

The viscosity l of water vapour (the interstitial pore fluid) is an
important parameter considered in the main text; it is however non-
trivial to constrain. This following appendix outlines the governing
principles and equations employed in order to calculate within the
FRACkR.m model. The equations and coefficients are derived from
the Industrial Formulation IAPWS-IF97 for the thermodynamic prop-
erties of water and steam as described in Wagner et al. (2000), and
in subsequent updates from The International Association for the
Properties of Water and Steam: IAPWS (2008, 2012, 2014).

Fluid viscosity l is a function of temperature T and fluid den-
sity q. The former is established in our model as a user-defined run
condition, and the latter is calculated as functions of pressure p,
temperature T, enthalpy h, and R (an Ideal Gas constant). The p–T
condition-dependent relations of these parameters are described in
subsequent sections of this appendix. Note that p corresponds the
depth of each individual fracture (equivalent to the stress driving
compaction), given in MPa such that p = szz/106, where szz is the
vertical compaction pressure in Pa as defined as in the main text.
Temperature is given hereafter in K (◦C + 273.15).

Normalised fluid viscosity is given here by Y, a function of the
fluid viscosity l and a reference value l∗ equal to 1.00 × 10−6 Pa • s:

Y =
l

l∗ =

⎡
⎣ 100

√
h∑3

ı=0
Hı
hı

⎤
⎦

︸ ︷︷ ︸
l0

×
⎡
⎣3 5∑

ı=0

(
1
h

− 1
)ı 6∑

j=0

Hıj (3 − 1)j

⎤
⎦

︸ ︷︷ ︸
l1

×
⎡
⎣1

⎤
⎦

︸︷︷︸
l2

(A.1)

where h = T/T∗ and 3 = q/q∗ are dimensionless values of temper-
ature and density, with T∗ and q∗ being reference values of either
property (647.096 K and 322.0 kg m−3, respectively). The factor l0
corresponds to the viscosity in the dilute-gas limit, while the second
factor l1 accounts for the contribution to viscosity of finite den-
sity. The final component l2 is the critical enhancement of viscosity,
which is valid only in a very small region around the critical point

https://figshare.com/s/c5ff28905ed1ba93a19b
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Fig. A.6. Simplified vapour-phase diagram for water, shown in p–T space. B23 indi-
cates the boundary between regions 2 and 3. Region 3 is sub-divided into sub-regions
3a and 3b, which are delineated by the boundary B3a3b . The dashed line SC represents
the saturation curve. Note values † and ‡, given in the legend.
Source: Modified after Wagner et al. (2000)

of water (647.096 K; 22.064 MPa: Fig. A.6). Because the influence of
l2 is negligible other than near to the critical point, it is neglected
herein (i.e. l2 is normalised to 1). Values for coefficients Hı and Hıj

are given in Tables A.2 and A.3, respectively.
Throughout this appendix, the properties temperature T, pressure

p, density q, enthalpy h, and specific volume v are often expressed as
dimensionless parameters. These take the form h = T/T∗; t =T∗/T;
p = p/p∗; 3 = q/q∗; h = h/h∗, and y = v/v∗. In each case, the
superscript * indicates a reference value. Reference values pertinent
to the succeeding equations are defined throughout the text.

A.2. Thermodynamic regions

The thermodynamic properties of water—such as q, l, h—vary as
functions of p and T. In discrete p–T domains, termed “regions”, these
properties are described by region-specific basic equations. Fig. A.6
illustrates how these regions are distinguished.

Region 1 is defined as p–T conditions whereby 273.15 < T <
623.15 and p is greater than the saturation pressure, defined as a
function of temperature such that:

p =

[
2O

−N +
√

N2 − 4MO

]4

;

⎧⎪⎪⎨
⎪⎪⎩

M = z2 + n1z + n2

N = n3z
2 + n4z + n5

O = n6z
2 + n7z + n8

(A.2)

Table A.2
List of coefficients for Eq. (A.1)
(l0) from IAPWS (2008).

ı Hı

0 0.167752 × 101

1 0.220462 × 101

2 0.6366564
3 −0.241605

Table A.3
List of coefficients for Eq. (A.1) (l1) from IAPWS (2008).

ı j Hıj ı j Hıj

0 0 5.20094 × 101 0 2 −2.81378 × 101

1 0 8.50895 × 102 1 2 −9.06851 × 101

2 0 −1.08374 2 2 −7.72479 × 101

3 0 −2.89555 × 101 3 2 −4.89837 × 101

0 1 2.22531 × 101 4 2 −2.57040 × 101

1 1 9.99115 × 101 0 3 1.61913 × 101

2 1 1.88797 1 3 2.57399 × 101

3 1 1.26613 0 4 −3.25372 × 102

5 1 1.20573 × 101 3 4 6.98452 × 102

Table A.4
List of coefficients for Eq. (A.2) (l1) from IAPWS
(2012).

i ni

1 0.11670521452767 × 104

2 −0.72421316703206 × 106

3 −0.17073846940092 × 102

4 0.12020824702470 × 105

5 −0.32325550322333 × 107

6 0.14915108613530 × 102

7 −0.48232657361591 × 104

8 0.40511340542057 × 106

9 −0.23855557567849
10 0.65017534844798 × 103

where z = T + n9/(T − n10) and coefficients n1 . . . n10 are given in
Table A.4. Note that Eq. (A.2) is the equation of the saturation curve
(SC: Fig. A.6).

Region 3 is defined as the p–T domain wherein T ≥ 623.15 K and
p > B23 (as a function of temperature). B23 is the boundary between
regions 2 and 3, and is defined thus:

p = n1 + n2h + n3h
2 (A.3)

where p is dimensionless pressure described by p/p∗, where p∗ = 1
MPa. As previously, h = T/T∗, however the reference value in this
case is T∗ = 1 K. Coefficients n1 . . . n3 are given in Table A.5. Region
3 is also subdivided into sub-regions 3a and 3b, which is described in
a following section.

Region 4 is defined as the immediate conditions around the satu-
ration curve (Eq. (A.2); SC on Fig. A.6). For the purposes of this model,
p–T conditions are classified as region 4 when the absolute difference
between p and the saturation pressure is less than 10−5.

Region 5 is defined as any p–T conditions whereby 0.000611<
p ≤ 50 MPa and 1073.15 < T ≤ 2273.15 K.

Region 2 is defined wherever 16.529 < p ≤ 100 MPa and T >
B23 (as a function of pressure) and where 0.000611 < p ≤ 16.529
MPa and T > SC (the saturation curve: Fig. A.6). In practice, region 2
is allocated last, to any valid p–T conditions once all other potential
regions (1, 3–5) have been exhausted.

Table A.5
List of coefficients for Eq. (A.3) (l1) from IAPWS
(2012).

i ni

1 0.34805185628969 × 103

2 −0.11671859879975 × 101

3 0.10192970039326 × 10−2

4 0.57254459862746 × 103

5 0.13918839778870 × 102
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Table A.6
List of coefficients for Eqs. (A.4) and (A.9) from IAPWS (2012).

ı Iı Jı nı ı Iı Jı nı

1 0 −2 0.14632971213167 18 2 3 −0.44141845330846 × 10−5

2 0 −1 −0.84548187169114 19 2 17 −0.72694996297594 × 10−15

3 0 0 −0.37563603672040 × 101 20 3 −4 −0.31679644845054 × 10−4

4 0 1 0.33855169168385 × 101 21 3 0 −0.28270797985312 × 10−5

5 0 2 −0.95791963387872 22 3 6 −0.85205128120103 × 10−9

6 0 3 0.15772038513228 23 4 −5 −0.22425281908000 × 10−5

7 0 4 −0.16616417199501 × 10−1 24 4 −2 −0.65171222895601 × 10−6

8 0 5 0.81214629983568 × 10−3 25 4 10 −0.14341729937924 × 10−12

9 1 −9 0.28319080123804 × 10−3 26 5 −8 −0.40516996860117 × 10−6

10 1 −7 −0.60706301565874 × 10−3 27 8 −11 −0.12734301741641 × 10−8

11 1 −1 −0.18990068218419 × 10−1 28 8 −6 −0.17424871230634 × 10−9

12 1 0 −0.32529748770505 × 10−1 29 21 −29 −0.68762131295531 × 10−18

13 1 1 −0.21841717175414 × 10−1 30 23 −31 0.14478307828521 × 10−19

14 1 3 −0.52838357969930 × 10−4 31 29 −38 0.26335781662795 × 10−22

15 2 −3 −0.47184321073267 × 10−3 32 30 −39 −0.11947622640071 × 10−22

16 2 0 −0.30001780793026 × 10−3 33 31 −40 0.18228094581404 × 10−23

17 2 1 0.47661393906987 × 10−4 34 32 −41 −0.93537087292458 × 10−25

A.3. Pore fluid density

In order to determine the viscosity of water under the imposed
pressure and temperature conditions for each fracture of the model,
the fluid density must first be calculated. Fluid density is the recip-
rocal of the specific volume of a gas v, which is calculated slightly
differently in each of the regions 1, 2, 3, and 5. Due to the negligible
extent of p–T space encompassed by region 4, the governing basic
equations for this region are ignored. Any fracture value coinciding
with the saturation curve will return a NaN (not a number) value.

In regions 1, 2, and 5, the basic equation are formulations for
the specific Gibbs free energy G, given here in dimensionless form
such that g = G/RT, where R is the specific gas constant of water
(0.461526 kJ kg−1 K−1) and T is temperature in K.

A.3.1. Region 1
The pressure- and temperature-dependent relationship of spe-

cific volume in region 1 is here denoted v1, and is determined after
IAPWS (2012) such that:

v1(p, t) =
RT
p

p

[ 34∑
ı=1

−nı Iı (7.1 − p)Iı−1(t − 1.222)Jı

]
(A.4)

where T∗ and p∗ are 1386 K and 16.53 MPa, respectively. Values for
coefficient ı are given in Table A.6.

Fluid density is then given by q = v−1
1 .

A.3.2. Region 2
The pressure- and temperature-dependent relationship of spe-

cific volume in region 2 is here denoted v2, comprising an Ideal Gas
part gp and a residual part gr

p (IAPWS, 2012):

v2(p, t) =
RT
p

p

⎛
⎜⎜⎜⎜⎜⎜⎝
⎡
⎣1
p

⎤
⎦

︸ ︷︷ ︸
go
p

+

⎡
⎣ 43∑

j=1

nj IjpIj −1(t − 0.5)Jj

⎤
⎦

︸ ︷︷ ︸
gr
p

⎞
⎟⎟⎟⎟⎟⎟⎠ (A.5)

where T∗ and p∗ are 540 K and 1 MPa, respectively. Coefficient values
are given in Table A.7.

Fluid density is then given by q = v−1
2 .

A.3.3. Region 3
In region 3, the basic equation is that of the specific Helmholtz

free energy f, given here in its dimensionless form f = f/RT, where R

Table A.7
List of coefficients for Eqs. (A.5) and (A.10) from IAPWS (2012).

j Ij Jj nj j Ij Jj nj

1 1 0 −0.17731742473213 × 10−2 23 7 0 −0.59059564324270 × 10−17

2 1 1 −0.17834862292358 × 10−1 24 7 11 −0.12621808899101 × 10−5

3 1 2 −0.45996013696365 × 10−1 25 7 25 −0.38946842435739 × 10−1

4 1 3 −0.57581259083432 × 10−1 26 8 8 0.11256211360459 × 10−10

5 1 6 −0.50325278727930 × 10−1 27 8 36 −0.82311340897998 × 101

6 2 1 −0.33032641670203 × 10−4 28 9 13 0.19809712802088 × 10−7

7 2 2 −0.18948987516315 × 10−3 29 10 4 0.10406965210174 × 10−18

8 2 4 −0.39392777243355 × 10−2 30 10 10 −0.10234747095929 × 10−12

9 2 7 −0.43797295650573 × 10−1 31 10 14 −0.10018179379511 × 10−8

10 2 36 −0.26674547914087 × 10−4 32 16 29 −0.80882908646985 × 10−10

11 3 0 0.20481737692309 × 10−7 33 16 50 0.10693031879409
12 3 1 0.43870667284435 × 10−6 34 18 57 −0.33662250574171
13 3 3 −0.32277677238570 × 10−4 35 20 20 0.89185845355421 × 10−24

14 3 6 −0.15033924542148 × 10−2 36 20 35 0.30629316876232 × 10−12

15 3 35 −0.40668253562649 × 10−1 37 20 48 −0.42002467698208 × 10−5

16 4 1 −0.78847309559367 × 10−9 38 21 21 −0.59056029685639 × 10−25

17 4 2 0.12790717852285 × 10−7 39 22 53 0.37826947613457 × 10−5

18 4 3 0.48225372718507 × 10−6 40 23 39 −0.12768608934681 × 10−14

19 5 7 0.22922076337661 × 10−5 41 24 26 0.73087610595061 × 10−28

20 6 3 −0.16714766451061 × 10−10 42 24 40 0.55414715350778 × 10−16

21 6 16 −0.21171472321355 × 10−2 43 24 58 −0.94369707241210 × 10−6

22 6 35 −0.23895741934104 × 102
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Table A.8
List of coefficients for Eq. (A.8) from IAPWS (2014).

i ni

1 0.201464004206875 × 104

2 0.374696550136983 × 101

3 −0.219921901054187 × 10−1

4 0.87513168600995 × 10−4

and T are as previously defined:

f(3, t) = n1 ln3 +
40∑

ı=2

nı3
Iı tJı (A.6)

Specific volume cannot be determined explicitly from Eq. (A.6). How-
ever, it can be determined as a function of specific enthalpy h, which
is given here in its dimensionless form h:

h =
h

RT
= t

⎡
⎣ 40∑

ı=2

nı3
Jı JıtJı−1

⎤
⎦+ 3

⎡
⎣n1/3 +

40∑
j=2

nj Ij3Ij −1tJj

⎤
⎦ (A.7)

Region 3 is subdivided into sub-regions 3a and 3b by the isentropic
curve B3a3b (Fig. A.6), which is related to the dimensionless form of
enthalpy h in the following manner:

hab =
h
h∗ = n1 + n2p + n3p

2 + n4p
3 (A.8)

where p = p/p∗, with h∗ = 1 kJ kg−1 and p∗ = 1 MPa. Coefficients
n1 . . . n4 are given in Table A.8.

As enthalpy in region 3 is not described explicitly as a function of
pressure and temperature according to IAPWS, this value is approxi-
mated in our model as the mean values of enthalpy at the boundaries
between regions 1 and 3 (Eq. (A.9)), and between regions 3 and 2
(Eq. (A.10)). The values h1 and h2 are calculated thus:

h1 = RT •t

[ 34∑
ı=1

nı (7.1 − p)Iı Jı (t − 1.222)Jı−1

]
(A.9)

where p∗ = 16.53 MPa, T∗ = 1386 K, and the limit temperature T is
623.15 K, and

h2 = RT •t

⎛
⎜⎜⎜⎜⎜⎜⎝
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⎣ 9∑

ı=1

no
ı Jo

ı t
Jo
ı −1

⎤
⎦

︸ ︷︷ ︸
go
t

+

⎡
⎣ 43∑

j=1

njp
Ij Jj (t − 0.5)Jj −1

⎤
⎦

︸ ︷︷ ︸
gr
t

⎞
⎟⎟⎟⎟⎟⎟⎠ (A.10)

where p∗ = 1 MPa, T∗ = 540 K, and the limit temperature T is a
function of pressure:

T =
h

T∗ = n4 +
(
p − n5

n3

) 1
2

(A.11)

with T∗ = 1 K and p∗ = 1 MPa. The coefficients n3 . . . n5 are as
defined in Table A.4. Note that Eq. (A.11) is simply the B23 boundary
equation (Eq. (A.3)) expressed in terms of temperature. Coefficients
for Eq. (A.9) are given in Table A.6. Eq. (A.10) is separated into an Ideal
Gas part go

t and residual part gr
t . Coefficients for the former are given

in Eq. (A.11). Coefficients for the latter are given in Table A.7.
Thus we approximate enthalpy by h = (h1 + h2)/2. Note that

this approximation is applied to all p–T conditions comprising region
3. In actuality, however, those parts of sub-regions 3a and 3b where
16.529 ≤p ≤ 22.064 (the shaded region of Fig. A.6) lie below the
critical point and would incur additional complexity in terms of esti-
mating enthalpy (water may exist in its liquid or gaseous phase).
Nevertheless, this intricacy is ignored for the sake of simplicity. If h <
hab, the imposed p–T conditions are defined as sub-region 3a, and if
h ≥ hab then the system is defined as sub-region 3b. The normalised
specific volume for each sub-region—y3a and y3b, respectively—is
thereafter described by (IAPWS, 2014):

y3a =
v
v∗ =

32∑
ı=1

nı (p + 0.1280)Iı (h − 0.727)Jı (A.12)

Table A.9
List of coefficients for Eq. (A.10) from IAPWS (2012).

i Jo
i no

i i Jo
i no

i

1 0 −0.96927686500217 × 101 6 −2 0.14240819171444 × 101

2 1 0.10086655968018 × 102 7 −1 −0.43839511319450 × 101

3 −5 −0.56087911283020 × 10−2 8 2 −0.28408632460772
4 −4 0.71452738081455 × 10−1 9 3 0.21268463753307 × 10−1

5 −3 −0.40710498223928

Table A.10
List of coefficients for Eq. (A.12) from IAPWS (2014).

ı Iı Jı nı ı Iı Jı nı

1 −12 6 0.529944062966028 × 10−2 17 −2 16 0.568366875815960 × 104

2 −12 8 −0.170099690234461 19 −1 0 0.808169540124668 × 10−2

3 −12 12 0.111323814312927 × 102 19 −1 1 0.172416341519307
4 −12 18 −0.217898123145125 × 104 20 −1 2 0.104270175292927 × 101

5 −10 4 −0.506061827980875 × 10−3 21 −1 3 −0.297691372792847
6 −10 7 0.556495239685324 22 0 0 0.560394465163593
7 −10 10 −0.943672726094016 × 101 23 0 1 0.275234661176914
8 −8 5 −0.297856807561527 24 1 0 −0.148347894866012
9 −8 12 0.939353943717186 × 102 25 1 1 −0.651142513478515 × 10−1

10 −6 3 0.192944939465981 × 10−1 26 1 2 −0.292468715386302 × 101

11 −6 4 0.421740664704763 27 2 0 0.664876096952665 × 10−1

12 −6 22 −0.368914126282330 × 107 28 2 2 0.352335014263844 × 101

13 −4 2 −0.737566847600639 × 10−2 29 3 0 −0.146340792313332 × 10−1

14 −4 3 −0.354753242424366 30 4 2 −0.224503486668184 × 101

15 −3 7 −0.199768169338727 × 101 31 5 2 0.110533464706142 × 101

16 −2 3 0.115456297059049 × 101 32 8 2 −0.408757344495612 × 10−1
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Table A.11
List of coefficients for Eq. (A.13) from IAPWS (2014).

j Ij Jj nj j Ij Jj nj

1 −12 0 −0.225196934336318 × 10−8 16 −4 6 −0.321087965668917 × 101

2 −12 1 0.140674363313486 × 10−7 17 −4 10 0.607567815637771 × 103

3 −8 0 0.233784085280560 × 10−5 18 −3 0 0.557686450685932 × 10−3

4 −8 1 −0.331833715229001 × 10−4 19 −3 2 0.187499040029550
5 −8 3 0.107956778514318 × 10−2 20 −2 1 0.905368030448107 × 10−2

6 −8 6 −0.271382067378863 21 −2 2 0.285417173048685
7 −8 7 0.107202262490333 × 101 22 −1 0 0.329924030996098 × 10−1

8 −8 8 −0.853821329075382 23 −1 1 0.239897419685483
9 −6 0 −0.215214194340526 × 10−4 24 −1 4 0.482754995951394 × 101

10 −6 1 0.769656088222730 × 10−3 25 −1 5 −0.118035753702231 × 102

11 −6 2 −0.431136580433864 × 10−2 26 0 0 0.169490044091791
12 −6 5 0.453342167309331 27 1 0 −0.179967222507787 × 10−1

13 −6 6 −0.507749535873652 28 1 1 0.371810116332674 × 10−1

14 −6 10 −0.100475154528389 × 103 29 2 2 −0.536288335065096 × 10−1

15 −4 3 −0.219201924648793 30 2 6 0.160697101092520 × 101

Table A.12
List of coefficients for Eq. (A.14) from IAPWS (2014).

ı Iı Jı nı

1 1 1 0.15736404855259 × 10−2

2 1 2 0.90153761673944 × 10−3

3 1 3 −0.50270077677648 × 10−2

4 2 3 0.22440037409485 × 10−5

5 2 9 −0.41163275453471 × 10−5

6 3 7 0.37919454822955 × 10−7

where v∗ = 0.0028 m3 kg−1, p∗ = 100, and h∗ = 2100 kJ kg−1, and

y3b =
v
v∗ =

30∑
j=1

nj (p + 0.00661)Ij (h − 0.720)Jj (A.13)

where v∗ = 0.0088 m3 kg−1, p∗ = 100, and h∗ = 2800 kJ kg−1.
Coefficient values are given in Tables A.10 and A.11. Fluid density is
then given by q = (y3a • v∗)−1 or q = (y3b • v∗)−1, as appropriate.

A.3.4. Region 5
The pressure- and temperature-dependent relationship of spe-

cific volume in region 5 is here denoted v5, comprising an Ideal Gas
part go

t and a residual part gr
t (IAPWS, 2012):

v5(p, t) =
RT
p

p

⎛
⎜⎜⎜⎜⎜⎜⎝
⎡
⎣1
p

⎤
⎦

︸ ︷︷ ︸
go
t

+

⎡
⎣ 5∑

j=1

nj IjpIj −1tJj

⎤
⎦

︸ ︷︷ ︸
gr
t

⎞
⎟⎟⎟⎟⎟⎟⎠ (A.14)

where T∗ and p∗ are 1000 K and 1 MPa, respectively. Coefficient
values are given in Table A.12.

Fluid density may then be calculated by q = v−1
5 .
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