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Abstract

The micromechanics of compressive failure in Darley Dale sandstone (with initial porosity of 13%) was investigated by
characterizing quantitatively the spatial evolution of anisotropic damage under the optical and scanning electron microscopes.

Two series of triaxial compression experiments were conducted at the ®xed pore pressure of 10 MPa and con®ning pressures of
20 and 210 MPa, respectively. For each series, three samples deformed to di�erent stages were studied. Failure in the ®rst series
was by brittle faulting. In contrast, failure in the second series was ductile, involving shear-enhanced compaction and distributed
cataclastic ¯ow. In the ductile series, crack density and acoustic emission activity both increased with the development of strain

hardening. The stress-induced cracking was relatively isotropic. In the brittle series, crack density increased with the progressive
development of dilatancy, with spatial distributions indicative of clustering of damage at the peak stress and shear localization
in the strain softening stage. Dilatancy was associated with signi®cant anisotropy in stress-induced cracking, that was primarily

due to intragranular and intergranular cracking with a preferred orientation parallel to the maximum principal stress. Compared
with published data for Westerly granite and San Marcos gabbro (with porosities of the order of 1%) and for Berea sandstone
(with porosity of 21%), there is an overall trend for the stress-induced anisotropy (in a sample deformed to near the peak stress)

to decrease with increasing porosity. The sliding wing crack model was adopted to analyze the evolution of anisotropic damage,
using a friction coe�cient and fracture toughness inferred from stress states at the onset of dilatancy. Signi®cant discrepancy
exists between the model prediction and microstructural data on stress-induced anisotropy, which is possibly due to limitations

intrinsic to the microscopy technique as well as the sliding wing crack model. 7 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Signi®cant advances have been made in the funda-
mental understanding of the micromechanics of com-
pressive failure in rock. It is now recognized that the
macroscopic faulting process in a brittle rock actually
involves a multiplicity of microcracks and its essential
nature lies not only in the initiation and propagation
of individual cracks but also in the interaction and co-
alescence of the crack population. In a seminal study,
Hallbauer, Wagner and Cook [1] conducted optical

microscope observations to elucidate the spatial evol-
ution of cracking and development of shear localiz-
ation in a compact quartzite. Subsequent studies using
the scanning electron microscope (SEM) have provided
additional details on the geometric attributes and ani-
sotropy of stress-induced cracking [2,3] and the
instability mechanisms associated with crack coalesc-
ence [4,5].

Earlier studies have focused on compact silicate
rocks, such as Westerly granite and San Marcos gab-
bro. Dilatancy has been observed to arise from intra-
granular and intergranular cracking with a preferred
orientation parallel to the maximum principal stress
(s1). As stress is increased to near the peak, crack den-
sity as well as stress-induced anisotropy [6,7] increase
signi®cantly, with corresponding changes in elastic and
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transport tensor properties [8,9]. In the strain softening
stage, microcracking and acoustic emission activity
begin to be localized along a macroscopic shear band
[4,10,11]. A conceptual model widely used to analyze
such micromechanical processes is the ``sliding wing
crack'' [12±14]. The model considers the growth of
``wing cracks'' that initiate from tensile stress concen-
tration at the tips of pre-existing cracks undergoing
frictional slip. The fracture mechanics is such that
increasing the stress causes the wing crack to propa-
gate along a curved path and ultimately reach a stable
orientation parallel to the direction of s1. With the ac-
cumulation of such anisotropic damage distributed
throughout the rock, it will ultimately attain a critical
state at which the multiplicity of cracks coalesce to
develop a shear band.

Recently there has also been signi®cant interest in
the micromechanics of compressive failure in porous
clastic rocks. In a recent study, MeneÂ ndez, Zhu and
Wong [15] concluded that brittle faulting in the Berea
sandstone (with an initial porosity of 21%) involves
micromechanical processes quite di�erent from those
in a compact rock. Dilatancy and acoustic emission ac-
tivity in the pre-failure stage seem to primarily involve
intergranular cracking. Very little intragranular crack-
ing was observed, except for isolated clusters of micro-
cracks that radiated from grain contacts in a sample
loaded to very near the peak stress. Stress-induced ani-
sotropy was not appreciable in all pre-failure samples.
It seems that compressive failure in such a cemented
granular material hinges on the contact and fracture
mechanics at impinging grains, that are not well cap-
tured in a wing crack model.

Siliciclastic rocks of a wide range of porosities are
encountered in rock mechanics applications. Although
previous studies have detailed the micromechanics of
compressive failure in the compact and porous end-
members, there is a paucity of data on rocks of inter-
mediate porosities. The objective of this study is to
conduct such a microstructural study on the Darley
Dale sandstone (with an initial porosity of 13%), the
mechanical and transport properties of which have
already been documented [16±18]. We adopted MeneÂ n-
dez, Zhu and Wong's [15] methodology to characterize
quantitatively the overall damage and stress-induced
anisotropy in samples that had been deformed at two
di�erent pressure conditions, corresponding to the two
distinct failure modes of brittle faulting and cataclastic
¯ow. In addition we used Hallbauer, Wagner and
Cook's [1] approach to characterize the spatial distri-
bution of damage and delineate the development of
shear localization. Following Nemat-Nasser's [19] sug-
gestion, we also derived analytic expressions to
describe the evolution of anisotropic damage in the
sliding wing crack model. To assess its applicability
and limitation, the model's predictions are compared

with microstructural data of Darley Dale sandstone as
well as Westerly granite, San Marcos gabbro, and
Berea sandstone.

2. Experimental procedure

2.1. Studied samples

The samples were cored from a block of Darley
Dale sandstone, which is considered to be similar to
the samples recently studied by Read et al. [16] and
Wong et al. [17]. It has an average grain size (mean
intercept length) of 0.22 mm, and model composition
of: quartz 67%, feldspar 14%, mica 2%, and clay 6%
[17]. The grains are sub-angular and poorly sorted,
with size ranging from 0.08 mm to 0.8 mm [16]. The
porosity varies somewhat from block to block. The
seven samples in this study have initial porosities that
range from 13.1 to 13.6%, with a mean of 13.4%.

2.2. Deformation experiments

Triaxial compression tests were performed on cylind-
rical samples (of diameter 18.4 mm and height
38.1 mm) saturated with distilled water. The samples
were deformed at room temperature under ``drained''
conditions at a constant pore pressure of 10 MPa.
Kerosene was used as con®ning pressure medium, and
the nominal strain rate for all the triaxial experiments
was 1.3 � 10ÿ5 sÿ1. Porosity change was determined
from the pore volume change divided by the initial
bulk volume of the sample, with an uncertainty of
0.1%. The axial strain was calculated using the axial
displacement monitored by a transducer (DCDT), and
the axial stress was calculated from the measurements
of an external load cell adjusting for relative change of
cross-sectional area of the sample. A piezoelectric
transducer (PZT-7, 5 mm diameter, 1 MHz longitudi-
nal frequency) was installed on the ¯at surface of a
steel spacer attached to the jacketed sample to measure
acoustic emission (AE) activity during the triaxial ex-
periments. More details of the experimental procedure
were presented by Wong et al. [17].

Samples at di�erent stages of deformation were
unloaded and retrieved from the pressure vessel for
microscope observations and quantitative microstruc-
tural characterization. The deformation histories of the
samples are summarized in Table 1. For reference, an
unstressed sample (DD0) was also studied. The stress±
strain curves of Darley Dale sandstone have good
reproducibility, and the solid curves shown in Figs. 1,
2 and 3 are for the samples (WB3 and WD3) with the
most deformation. For reference, the hydrostatic com-
paction data is also included as the dashed curve in
Fig. 1.
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Two suites of triaxially compressed samples were
deformed at constant con®ning pressures (s2=s3=Pc)
of 20 and 210 MPa, respectively. Since the pore press-
ure Pp was ®xed at 10 MPa, the corresponding e�ec-
tive pressures (PcÿPp) were 10 and 200 MPa,
respectively. If the overall compaction was solely con-
trolled by the hydrostatic stresses, then porosity
changes in triaxial compression tests should coincide
with the hydrostat in Fig. 1. Deviations from the
hydrostat would imply that the porosity change is
dependent on both the hydrostatic and deviatoric
stresses. At an e�ective pressure of 200 MPa, the por-
osity reduction curve coincided with the hydrostat up

to a di�erential stress of about 260 MPa. When the
di�erential stress was increased beyond this point
(marked by C� in Fig. 1), there was an accelerated
decrease in porosity in comparison to the hydrostat.
This phenomenon is referred to as ``shear-enhanced
compaction'' [17,20].

The sample WD1 was retrieved soon after it had
been loaded to beyond C�. This development of shear-
enhanced compaction is accompanied by strain hard-
ening, evident in the stress±strain curve (Fig. 2). Pre-
vious microstructural studies have shown that shear-
enhanced compaction in a porous sandstone arises
from grain crushing and pore collapse, manifested by

Table 1

Stress history of the samples investigated in this study. Except for DD0, all samples were deformed in conventional triaxial compression tests at

a ®xed pore pressure of Pp=10 MPa under drained conditions. The stress, strain and porosity change are maximum values attained before the

sample was unloaded and retrieved from the pressure vessel

Sample Di�erential stress

(MPa) s1±s3
E�ective mean stress

(MPa)

(s1+2s3/3ÿpP

E�ective pressure (MPa) s3ÿPp Axial strain

(%)

Porosity reduction

(%)

Comments

DD0 0 0 0 0 0 Unstressed

WD1 262 287 200 1.65 2.75 Just beyond C �

WD2 382 327 200 3.96 3.75 Distributed cataclastic ¯ow

WD3 457 352 200 9.49 4.98 Distributed cataclastic ¯ow

WB1 118 49 10 1.24 0.31 Between C ' and peak stress

WB2 124 51 10 1.37 0.16 Close to the peak stress

WB3 99 43 10 1.87 ÿ0.57 Post-peak, with a shear band

Fig. 1. E�ective mean stress (s1+2s3)/3ÿPp vs porosity reduction for the two suites of samples showing the peak stresses attained by the samples

before they were unloaded. For reference the hydrostat is also shown. The critical e�ective mean stresses for the onset of shear-enhanced com-

paction (C �) and for the onset of dilatancy (C ') are indicated.
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Fig. 2. Principal stress di�erence s1±s3 vs axial strain for the triaxially compressed samples of the WD-series with indication of the peak stresses

attained by the samples. Acoustic emission activity is indicated by the dashed curve.

Fig. 3. Principal stress di�erence s1±s3 vs axial strain for the triaxially compressed samples of the WB-series with indication of the peak stresses

attained by the samples. Acoustic emission activity is indicated by the dashed curve.
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intensive AE activity (dashed curve in Fig. 2). Even
though the last sample WD3 of this suite had an axial
strain of close to 10%, no shear localization is evident
and therefore the deformation was accommodated by
distributed cataclastic ¯ow.

In contrast, the porosity change behavior at an
e�ective pressure of 10 MPa was such that at a di�er-
ential stress of about 30 MPa, we began to observe the
compaction to decelerate in comparison to the hydro-
stat. This stress state (marked by the point C ' in Fig. 1)
corresponds to the onset of dilatancy. Beyond C ', the
di�erential stress reached a peak value of 125 MPa,
after which there was a gradual stress drop and strain
softening (Fig. 3), and the sample ultimately failed by
shear localization. The pre-failure sample WB1 was
loaded to about half way between C ' and the peak
stress. The sample WB2 was unloaded as soon as the
peak stress was attained, before the onset of shear
localization. The sample WB3 was deformed well into
the post-peak stage with a fully developed shear band.
Our loading system is su�ciently sti� that the post-
peak deformations were stable.

2.3. Optical and scanning electron microscopy

The deformed samples were ®rst impregnated with
epoxy and then sawed along a plane parallel to the
axial direction into two halves. In sample WB3, care
was taken to saw along a plane normal to the plane of
localization. For each deformed sample, a crack sec-
tion (25.4 mm in diameter and about 100 mm thick)
was then prepared following the procedure outlined by
Richter and Simmons [21]. The sections were then ion-
milled [22] and sputter-coated with 0.02 mm of gold-
palladium. Detailed observations of the damage were
performed with a JEOL 5300 scanning electron micro-
scope (SEM) with a voltage of 30 KV. All micrographs
shown here are backscattered electron images.

Since an important objective was to characterize the
spatial evolution of anisotropic damage, it was desir-

able to perform quantitative microstructural analysis
over a relatively large portion of the crack section. For
each sample, the spatial distribution of crack density
over a total area of 11 � 11 mm2 was characterized.
The square area centrally located in a crack section is
further divided into 11 � 11 subregions, each of which
has an area of 1 � 1 mm2. Using stereological tech-
niques [23,24], we counted the number of crack inter-
sections with a test array of 10 parallel lines spaced at
0.1 mm (about 1/3 of the average grain size) apart
(Fig. 4). Measurements were made in two orthogonal
directions parallel and perpendicular to s1, respect-
ively. We denote the linear intercept density (number
of crack intersections per unit length) for the array
oriented parallel to s1 by PkL, and that for the perpen-
dicular array by P?L :

The stereological measurements were performed
under an optical microscope interfaced with an auto-
mated image analysis system. The re¯ected images
were all acquired at a magni®cation of 100�. For each
sample, 121 pairs of stereological parameters �PkL and
P?L � were measured to map out the spatial evolution of
damage and stress-induced anisotropy. Previous stu-
dies [4,5,7] have demonstrated that since the spatial
distribution of damage is approximately axisymmetric
in a triaxially compressed sample, the crack surface
area per unit volume (SV) can be inferred from linear
intercept measurements along two orthogonal direc-
tion

SV � p
2
P?L �

�
2ÿ p

2

�
PkL �1�

and the anisotropy of crack distribution can be charac-
terized by the parameter

O23 � P?L ÿ PkL
P?L � �4=pÿ 1�PkL

�2�

that represents the ratio between the surface area of
cracks parallel to s1 and the total crack surface area.

3. Microscopic observation of damage evolution

3.1. The WD-series: shear-enhanced compaction and
cataclastic ¯ow

For reference, we show in Fig. 5(a) a micrograph of
the undeformed sample DD0. A number of grain
boundaries were observed to be partially cracked. In
addition, relatively short intragranular cracks were
also observed along cleavages of the feldspar grains.
Clay and cement are distributed heterogeneously in the
pore space.

In the sample WD1 that was deformed to just

Fig. 4. Schematic diagram of a crack section showing the 121 sub-

regions in which stereological measurements of crack density were

conducted using orthogonal arrays of linear intercepts.
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beyond the onset of shear-enhanced compaction,
some intergranular cracks were observed. Many
intragranular cracks were also observed in feldspar
grains, often as parallel arrays along cleavages. The
onset of grain crushing is indicated by isolated clus-
ters of intragranular cracks radiating from grain
contacts (Fig. 5(b)). Such ``Hertzian fractures'' have
previously been observed during grain crushing and
cataclastic ¯ow in several other types of sandstone
[15,25]

In the sample WD2, the development of shear-
enhanced compaction is manifested by a larger number
of crushed grains. The intense cracking mostly initiated
as Hertzian fractures at grain contacts or as cleavage
crack arrays in feldspar grains. In the sample WD3
that was deformed to about 9.5% of axial strain,
intensive grain crushing was distributed throughout
the sample (Fig. 5(c)). Many of the pores collapsed
and the pore space was ®lled with comminuted par-
ticles (Fig. 5(d)).

3.2. The WB-series: dilatancy and shear localization

The pre-failure sample WB1 was deformed to half
way between the onset of dilatancy and peak stress.
The few intergranular cracks observed in this sample
are somewhat longer and tend to be preferentially
aligned sub-parallel to s1. Cleavage cracks in feldspar
grains also appear to be longer and with somewhat
wider apertures. In the sample WB2 deformed to close
to the peak stress, an appreciable increase in the num-
bers of intergranular and intragranular cracks were
observed sub-parallel to s1 (Fig. 6(a)). Many of these
cracks developed along grain boundaries between
quartz grains and along cleavages in feldspar grains. A
few transgranular cracks extending over two to three
grains were also observed.

In the post-peak sample WB3, shear localization
developed along a curved band with angles ranging
from 258 to 388 to s1. While damage in areas outside
the shear band is qualitatively similar to that observed

Fig. 5. (a) SEM micrograph of the unstressed sample DD0. The main mineralogical components are indicated: quartz (Q), clay (C) and feldspar

(F). (b) Onset of grain crushing observed in sample WD1 that was triaxially compacted to just beyond the critical stress level C �. (c) Extensive
development of grain crushing and pore collapse as observed in the sample WD3 under relatively low magni®cation. (d) Details of (c) revealed at

a higher magni®cation. The s1 direction is vertical in these SEM micrographs.
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in WB2, the shear band itself was subjected to signi®-
cantly more intense cracking. Along the shear band,
over 70% of the discontinuity ran along grain bound-
aries (Fig. 6(b)) and the rest were formed either by co-
alescence of intragranular crack arrays in quartz and
cleavage crack arrays in feldspar, or by grain crushing
(mostly in the upper and lower ends of the shear
band) (Fig. 6(c)). The shear band extended to a maxi-
mum width of two to three grains, although there are
relatively narrow portions of it that cut through inter-
granular cracks.

3.3. Crack density, AE activity, and stress-induced
anisotropy

The mean and standard deviation values of the
stereological parameters (for the total observation area
of 11 � 11 mm2) are compiled in Table 2. The data il-
lustrate how the overall damage evolved with defor-
mation. They also provide ®rst-order information on
anisotropy and spatial heterogeneity of the damage.

Two features of the WB-series should be noted
(Fig. 7(a)). First, P?L is signi®cantly greater than PkL in
WB2 and WB3 (both inside and outside the shear
band), indicating that after the onset of dilatancy
stress-induced cracking evolved in an anisotropic pat-
tern, with a preferred orientation parallel to s1. Sec-
ond, the density of microcracking progressively
increased with deformation. The crack density P?L
increased by a factor of 05 at the peak stress. In the
post-peak sample, pronounced enhancement of crack-
ing was observed in the shear band, with a value of
P?L greater than that in the unstressed sample by an
order of magnitude.

For the WD-series, the crack density also increased
progressively with the development of shear-enhanced
compaction and strain hardening. The linear crack
intercept densities as functions of the axial strain fol-
low approximately linear trends (Fig. 7(b)). The stereo-
logical measurements in two orthogonal directions
show that the di�erences between P?L and PkL in the
three WD samples are comparable to that in the

Fig. 6. (a) Stress-induced cracking in sample WB2 loaded to near the peak stress. (b) Part of the shear band that developed in the post-peak

sample WB3. In this region, shear localization primarily occurred along grain boundary cracks. (c) Development of a shear band in the post-fail-

ure sample WB3, in a region that involved grain crushing. The s1 direction is vertical in these SEM micrographs.
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unstressed sample (Table 2). This implies that stress-
induced cracking was relatively isotropic during cata-
clastic ¯ow.

Although the crack densities in the WB- and WD-
series (as indicated by stereological measurements) are
comparable in magnitude, deformation in the WB-
series (Fig. 2) is associated with AE activity that is
lower than that in the WD-series (Fig. 3) by as much
as two orders of magnitude. This is possibility due to
a signi®cantly higher e�ciency in the generation of AE
events by Hertzian fracture and grain crushing during
shear-enhanced compaction in the WD-series. The
stereological and AE data show that there is a strong
correlation between crack density and AE activity in
the WD-series (Fig. 8).

3.4. Spatial evolution of anisotropic damage

While the standard deviation values of P?L and PkL
represent scalar measures of the spatial heterogeneity
of damage in the stressed samples, they do not provide
detailed information on the spatial evolution of
damage. To visualize the spatial distribution of crack
density in each sample, contour plots of the stereologi-
cal measurements of the 121 sub-regions are presented
in Figs. 9 and 10. The stereological data can also be
analyzed in terms of speci®c surface area, which is
directly proportional to the energy dissipated by the
microcracking processes. Eq. (2) was used to evaluate
the values of SV, and the spatial distribution is visual-
ized by contour plots (Fig. 11).

Two features of the spatial evolution of damage in
the WB-series are worth noting. First, spatial hetero-
geneity increased with deformation. The sample WB-2
deformed to near the peak stress show clusters of
enhanced cracking, and pronounced enhancement of
damage was localized in the shear band of the post-
peak sample WB-3. Second, in each sample the spatial
distributions of crack densities in two orthogonal
directions are correlated in the sense that sub-regions

with high values of P?L are usually associated with
high values of PkL (Fig. 9).

In the WD-series, the stressed samples show similar
spatial correlation between P?L and PkL values. While
the damage seems to become more clustered in the
highly deformed samples, shear localization is absent
even in WD3 that has accumulated an axial strain of
9.5% (Fig. 10) and crack density about twice of WB3
that failed by shear localization (Fig. 11).

4. Discussion

4.1. Micromechanics of compressive failure: comparison
of Darley Dale and Berea sandstone

A sandstone for which the micromechanics of com-
pressive failure has been investigated in detail is the
Berea sandstone [10,15], which has an initial porosity
signi®cantly higher than the Darley Dale. Notwith-
standing the di�erences in porosity, the ductile failure
behavior is similar in that the development of shear-
enhanced compaction in both sandstones arises from
comminution and pore collapse. However, there is also
a di�erence that is possibly related to modal compo-
sition. Since the Darley Dale sandstone has a higher
percentage of feldspar grains, cleavage cracking within
feldspar played an important role in the initiation of
grain crushing (Fig. 5(c) and (d)). In contrast, Hertzian
fracture seems to be the primary mechanism for the in-
itiation of grain crushing in Berea sandstone. Since the
development of Hertzian fracture is sensitive to the
remotely applied stress ®eld [26], there is a strong ten-
dency for the stress-induced cracks to align with s1,
which may explain why ductile deformation in Berea
sandstone resulted in a more pronounced stress-
induced anisotropy [10].

As for the development of brittle faulting, this study
reveals key similarities and di�erences in the microme-
chanical processes operative in the two sandstones. In

Table 2

Quantitative microstructural data of unstressed and deformed samples. Crack densities were measured along linear intercepts perpendicular and

parallel to the direction of s1, corresponding to the radial and axial directions, respectively. For each sample, linear intercept densities for 11 �
11 sub-regions of 1 mm2 area were measured, and the mean and standard deviation of the 121 measurements are tabulated below. For the post-

peak sample WB3 which failed by shear localization, the bracketed values are data measured inside the shear band

Darley Dale

sandstone sample

Crack density for linear intercepts

perpendicular to s1 P?L (mmÿ1)
Crack density for linear intercepts

parallel to s1 P
k
L (mmÿ1)

Crack area per unit

volume Sv (mm2/mm3)

Anisotropy

factor O23

DD0 0.5420.30 0.4520.26 1.04 0.14

WD1 1.9720.51 1.2720.30 3.64 0.30

WD2 5.2521.62 4.6521.59 10.24 0.09

WD3 11.3921.97 10.6722.87 22.47 0.05

WB1 0.9320.34 0.6820.35 1.75 0.23

WB2 2.4121.70 1.4221.46 4.40 0.35

WB3 3.3922.54 (7.1321.88) 1.8721.49 (3.9521.39) 6.13 0.39
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both cases, brittle failure involves dilatancy and shear
localization. By mapping out the spatial evolution of
anisotropic damage, this study provides additional
insights into the interplay of stress-induced anisotropy,

clustering, and localization of damage. The microstruc-
tural observations have shown that dilatancy in Darley
Dale sandstone involved signi®cant contribution from
intragranular cracking (Fig. 6), that also induced ap-

Fig. 7. Mean crack intercept densities �P?L and P kL� measured in directions perpendicular and parallel to the s1 direction. Data for the (a) WB-

series and (b) WD-series are plotted as functions of the axial strain. The standard deviations are shown as error bars.
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preciable stress-induced anisotropy (Fig. 7(a)). In this
sense, the damage evolution is similar to that docu-
mented for very compact crystalline rocks with poro-
sites on the order of 1%, such as the Westerly granite
[4,11] and San Marcos gabbro [5]. In contrast, MeneÂ n-
dez et al. [15] observed that dilatancy in Berea sand-
stone was due to intergranular cracking and relative
movement among grains, with negligible stress-induced
anisotropy.

To compare the anisotropy of stress-induced crack-
ing observed in these four rocks, we show in Fig. 12
the deformation history and microstructural data
�O23 ÿ O0

23� of four samples that failed by brittle fault-
ing. The stereological data for the four rocks suggest
an overall trend for stress-induced anisotropy to
decrease with increasing porosity. On the one hand,
stress-induced anisotropy is pronounced in a compact
rock, in which damage primarily arises from initiation
and propagation of axial microcracks. On the other
hand, stress-induced cracking is weakly anisotropic in
a highly porous sandstone, in which the damage devel-
opment is controlled by the contact and fracture mech-
anics at impinging grains. In such a cemented granular
material, the direction of crack path is controlled by
the remotely applied stress ®eld as well as orientation
of the grain contact normal [26].

A deeper analysis of the stereological data is not
possible since the four studies were conducted with
somewhat di�erent methodologies. Although the crack

sections were prepared in the same manner, the micro-
structural data were acquired at di�erent magni®-
cations (ranging from 100 to 300�). Presumably
observations at higher magni®cations would provide
higher values for the crack densities, but since the ani-
sotropy factor is a relative measure of crack densities,
the discrepancy between studies using di�erent magni-
®cations may not be very signi®cant. It should also be
noted that the anisotropy factor may be sensitive to
the pressure condition under which deformation
occurs. The gabbro data [5] show that for samples
deformed to near the peak stress, anisotropy decreases
with increasing con®ning pressure.

4.2. Stress-induced anisotropy: theoretical prediction of
the sliding wing crack model

Since dilatancy and brittle faulting in the more com-
pact Darley Dale sandstone developed in a scenario
that is akin to that in a compact crystalline rock, we
compared the microstructural data on damage evol-
ution with theoretical predictions of the sliding crack
model [12±14] that has been widely used to interpret
the micromechanics of brittle failure in a compact
rock. In particular, we focus here on the prediction of
this model on the development of stress-induced aniso-
tropy of microcracking. A preliminary attempt to cal-
culate the stress-induced anisotropy for the sliding
wing model was made by Wong [7]. Emphasizing that

Fig. 8. Correlation between crack intercept densities and acoustic emission activity in the WD-series. The crack intercept densities �P?L and P kL�
measured in directions perpendicular and parallel to the s1 direction are shown as solid and open symbols, respectively. The cumulative AE is

shown as the continuous curve.
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Fig. 9. Spatial distribution of crack intercept densities �P?L and P kL� measured in directions perpendicular and parallel to the s1 direction in the

WB-series.
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Fig. 10. Spatial distribution of crack intercept densities �P?L and P kL� measured in directions perpendicular and parallel to the s1 direction in the

WD-series.
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Wong's [7] approach was limited to relatively short
wing cracks, Nemat-Nasser [19] suggested an improved
formulation that would not be so limited. This latter
formulation is used here to derive a theoretical ex-
pression for the stress-induced anisotropy.

The sliding wing crack model considers sources of
tensile stress concentration that are located at the tips
of pre-existing cracks (shown in Fig. 13 with length 2c

and oriented at angle g to s1). The applied stresses
induce a shear traction on the crack plane and, if this
resolved shear traction is su�ciently high to overcome
the frictional resistance along the closed crack, fric-
tional slip results in tensile stress concentrations at the
two tips which may induce ``wing cracks'' to nucleate
and extend out of the initial plane of the main sliding
crack. The driving force is characterized by the stress

Fig. 11. Spatial distribution of speci®c surface area in the WB- and WD-series.
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intensity factor KI at the tip of the putative wing
crack. With increased loading, it will attain the critical
value KIC, at which point a wing crack nucleates and
propagates along a curved path to ultimately reach a
stable orientation parallel to the direction of s1.

Wing crack initiation occurs at an angle y=cosÿ1 1/
3 (1 70.58) at the stress state given by [27]:

s1 � sin 2g� m�1� cos 2g�
sin 2gÿ m�1ÿ cos 2g�s3

�
���
3
p

sin 2gÿ m�1ÿ cos 2g�
KIC�����
pc
p �3a�

where m is the frictional coe�cient for the main crack
surface, and the angles g and y are de®ned in Fig. 13.
If the onset of dilatancy C ' is identi®ed with the in-
itiation of wing cracks and if the rock is assumed to
contain randomly oriented cracks, then the wing
cracks should ®rst nucleate from those sliding cracks
oriented at g � 1

2 tan ÿ1�1=m�at a stress state given by

s1 �
��������������
1� m2

p
� m��������������

1� m2
p

ÿ m
s3 �

���
3
p��������������

1� m2
p

ÿ m

KIC�����
pc
p : �3b�

On the basis of extensive numerical simulations,
Nemat-Nasser [12,19] derived an implicit equation to
describe the evolution of a wing crack under increasing
di�erential stress

Fig. 12. Stereological data on anisotropy of stress-induced cracking in San Marcos gabbro [5], Westerly granite [2,7], Berea sandstone [15], and

Darley Dale sandstone (Table 2). The samples were all deformed in the brittle faulting regime. Initial porosity and e�ective pressure values are

shown. For each pre-peak sample, the stress level normalized to the peak stress is also indicated.

Fig. 13. Schematic diagram illustrating the geometry and loading

con®guration of the sliding wing crack model.
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�s1 ÿ s3� sin 2gÿ m��s1 � s3� ÿ �s1 ÿ s3� cos 2g�
p

������������������������������
�l=c� � 8=�3p2�

p sin y

ÿ
����������l=c�p
2
��s1 � s3� ÿ �s1 ÿ s3� cos 2�yÿ g��

� KI�����
pc
p :

�4�

The wing crack orientation is given by the value of y
(Fig. 13) that maximizes the above expression for the
stress intensity factor KI, and the crack length l is then
calculated by setting KI � KIC: The calculation
requires appropriate values of the parameters m and
KIC=

�����
pc
p

for the rock of interest. In previous studies,
these parameters were adjusted to ®t mechanical data.
Here we use linear regression on the stress data at the
onset of dilatancy to obtain parameter values that are

Fig. 14. Triaxial compression data for the principal stresses at the onset of dilatancy of (a) San Marcos gabbro [29], Westerly granite [28], (b)

Berea sandstone and Darley Dale sandstone [17]. The mechanical data were ®tted to Eq. (3b), and the linear regression results are also shown.

X.Y. Wu et al. / International Journal of Rock Mechanics and Mining Sciences 37 (2000) 143±160 157



consistent with Eq. (3b). The parameter values can
then be substituted into Eq. (4) to calculate the ratio
l=c as a function of the angle g for a given set of prin-
cipal stresses s1 and s3.

Further assumptions are necessary before the theor-
etical model can be related to the stereological
measurements. If the pore space is assumed to be
made up of an ensemble of sliding wing cracks, then it
can be shown that the stress-induced anisotropy factor
is related to the mean crack lengths [7]

O23 ÿ O0
23 �

hli
hl� ci1

hl=ci
1� hl=ci �5�

where O23 and O0
23 are the anisotropy factors for the

deformed and unstressed samples, respectively and the
assumption is made that the crack half-length c spans
a relatively narrow range.

4.3. Development of stress-induced anisotropy in
compact and porous rocks

Mechanical data of Westerly granite [28], San Mar-
cos gabbro [29], Berea sandstone and Darley Dale
sandstone (Fig. 14(a) and (b)) for the onset of dila-
tancy follow approximately linear trends in the princi-
pal stress space. Fitting the data to Eq. (3b), the
parameters m and KIC=

�����
pc
p

were estimated by linear
regression (Table 3). The inferred values for friction
coe�cient fall in typical ranges for quartz and feldspar
[30], except for San Marcos gabbro that has the lowest
value of m=0.26, possibly because its modal compo-
sition includes a relatively high percentage of biotite
that has anomalously low friction coe�cient among
silicate minerals.

The inferred values of the ratio KIC=
�����
pc
p

for the two
compact rocks are considered to be reasonable. Since
signi®cant proportion of stress-induced cracks were
observed to be intragranular in the granite and gab-
bro, a plausible value for fracture toughness at the
onset of dilatancy would be that for a cleavage plane
of feldspar, with KIC00.4 MPa m1/2 [31]. To be con-
sistent with the linear regression results in Fig. 14(a),
this fracture toughness value requires that the pre-
existing crack lengths 2c should be 090 mm for Wes-
terly granite, that is comparable to that of the longest
cracks (100±500 mm) for an unstressed sample reported

by Hadley [32]. The corresponding value is 2c010 mm
for San Marcos gabbro, that is signi®cantly shorter
than the average grain size (02 mm). However, since
most of the grain boundaries in this gabbro were
observed to be sealed [5] this relative low value of 2c is
not unreasonable.

In comparison, values of the ratio KIC=
�����
pc
p

for the
two porous sandstones are signi®cantly lower. Even if
we assume upper-bound values of 2c comparable to
the grain sizes of Berea sandstone (0.17 mm) and Dar-
ley Dale sandstone (0.22 mm), the linear regression
results of Fig. 14(b) imply that KIC R 0.1 MPa m1/2,
which is signi®cantly lower than values for common
minerals [31]. Such low values are plausible only for
weakly cohesive grain boundaries.

Substituting these parameter values of m and
KIC=

�����
pc
p

into Eqs. (4) and (5), the stress-induced ani-
sotropy was calculated as a function of the crack angle
g for a sample of each rock at the peak stress (Fig. 15).
For comparison the maximum values predicted by the
sliding wing crack model (from Fig. 15) and stereologi-
cal data (Fig. 12) are compiled in Table 3. Theoretical
estimates of the stress-induced anisotropy are signi®-
cantly lower than the microstructural measurements
for the compact rocks and higher for the porous sand-
stones, respectively.

For the highly porous Berea sandstone, the discre-
pancy with microstructural observation is not surpris-
ing since the microstructural observations indicate that
it is unlikely the wing crack model is applicable even
as a qualitative analogue for brittle failure in this
cemented granular material. However, the signi®cant
discrepancies in the other three rocks are somewhat
unexpected, since the wing crack model seems to cap-
ture the micromechanics of brittle faulting in these
cases and the theoretical expressions adopted here are
considered to be more accurate [12,19]. We have con-
ducted additional parametric studies which show that
the wing crack model predictions agree with the micro-
structural data of Westerly granite only if a friction
coe�cient of 00.1 is assumed. Such a value is con-
sidered to be anomalously low for common minerals
and signi®cantly smaller than that inferred from mech-
anical data on the onset of dilatancy (Table 3). In a re-
lated application of the wing crack model, Nemat-
Nasser and Obata [33] have also concluded that par-

Table 3

Comparison of parameters inferred from wing crack model and microstructural measurements

Rock type m KIC

������
pa
p

(MPa) Pe (MPa) O23 ÿ O0
23 (measured) O23 ÿ O0

23 (calculated)

San Marcos gabbro 0.26 88.0 100 > 0.49 0.139

Westerly granite 0.69 33.0 50 0.28 0.132

Darley Dale sandstone 0.69 3.21 10 0.24 0.330

Berea sandstone 0.53 4.71 10 0.05 0.327
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ameter values of m=0.1 (and KIC=
�����
pc
p � 25 MPa� were

required to ®t volumetric strain data during the devel-
opment of dilatancy in Westerly granite.

Kemeny and Cook [14] as well as Nemat-Nasser [19]
have emphasized that since the growth behavior of a
wing crack is qualitatively similar to that induced by
stress concentrations arising from other mechanisms
(such as elastic mismatch or equidimensional voids), it
provides a useful mathematical analogue for analyzing
the micromechanics of brittle failure in a compact
rock. Nevertheless, it should be kept in mind that the
sliding crack represents a semi-quantitative analogue
of a variety of mechanisms operative during the devel-
opment of dilatancy. In the wing crack model the par-
ameter m is used as an ``e�ective'' parameter to
characterize the overall stress concentration due to
these various mechanisms, and consequently m may
not exactly correspond to actual values of friction
coe�cient on sliding crack surfaces in the rock.

It should also be noted that we have not considered
how stress-induced anisotropy depends on crack inter-
action e�ect [12±14,34±36], which may be relevant in
the vicinity of the peak stress and is de®nitely crucial

in the strain softening stage. Furthermore a two-
dimensional geometry is assumed for wing crack
growth. Recent three-dimensional results of Germano-
vich et al. [37] have underscored a number of di�er-
ences that arise from geometric complexity, which
should be considered in future theoretical analysis of
anisotropic damage development.
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Fig. 15. Theoretical predictions of the stress-induced anisotropy at the peak stress levels for San Marcos gabbro, Westerly granite, Darley Dale

sandstone, and Berea sandstone. Eqs. (4) and (5) were used, assuming values of m and KIC=
�����
pc
p

in Fig. 13. Theoretical values are available only

for sliding cracks with angles g optimally oriented for wing crack initiation.
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