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Figure 7. Comparison of single-frequency and differential-frequency S-wave traveltime residuals in the whole-mantle and the lower-mantle model and their
relation to the seismic heterogeneity in model S09-M2-Q. Column 1 (from left): shear wave velocity variations at (top) 50 km depth and (bottom) at the
ray-turning point of the S-wave plotted at the location of the respective receiver. Column 2: single-frequency S-wave residuals at 15 s period for event 5 in (top)
the whole-mantle and (bottom) the lower-mantle model. Columns 3 and 4: same as column 2 for differential-frequency residuals with combination of period
bands 15-22 and 15-51 s, respectively. Single-frequency residuals in the whole-mantle model are clearly related to heterogeneity near the surface, while in
the lower-mantle model they bear a strong resemblance to the heterogeneity at the ray-turning point. Note the strong similarity of the differential-frequency

traveltime residuals between the whole-mantle and the lower-mantle model.

region of negative residuals (in fact the strongest in the Pacific),
which is comparatively thin compared to its corresponding counter-
part in the seismic structures. Features F4 and F5 are also discernible
in the traveltime map of the lower-mantle model, but mainly only
present as positive residuals that are related to the slow part of the
features. Interestingly, the signal from Feature F4 is, to a lesser
extent, also discernible in the residual map for the whole-mantle
model.

In addition to the maps of single-frequency traveltime residuals,
Fig. 7 shows maps of differential-frequency residuals for two com-
binations of periods (15-22.5 and 15-51 s in the third and fourth
column from left, respectively). Not surprising, the residuals overall
have smaller magnitudes than in the single-frequency maps (note
the different colour scales). As expected based on the larger differ-
ences between the size of their Fresnel zones, larger values occur
in case of the 15-51 s differential-frequency residuals compared
to the 15-22.5 s residuals. A second observation is that the geo-
graphic pattern of the differential-frequency residuals shows more
short-scale variations than in case of the single-frequency measure-
ments. This is related to the fact that these differential traveltimes
are influenced by the seismic heterogeneity in a more complex way.
Owing to the oscillating nature of single-frequency sensitivity ker-
nels, the difference of two such kernels will oscillate on even shorter
length scales (two such differential-frequency sensitivity kernels for
the case of a direct S-wave are shown in Fig. 8). The differential-
frequency sensitivity kernels can easily be computed—based on the

Born approximation—as a linear combination (i.e. difference) of
two classical single-frequency kernels corresponding to the periods
involved (i.e. similar to the kernels for differential traveltimes in-
volving different seismic phases as given, for example, in Dahlen
et al. (2000) and Hung et al. (2000)):

STy = K(T, Oym(r)d’r (3)
53]
SN, ) = K(Ty, oym@)d’r
<)
— KD, vym(r)d’r
5%
= (Ki(Ty. 1) — Ki(To, ))m(r)d’r
(3]
=  Ki(T., T, ym@)d’r )
53]
with
Ki(Ty, Ty, 1) = Ki(T, 1) — Ki(T3, 7). (5)

Here, 8t denotes the cross-correlation traveltime residual and
T the period of the wave; SF and DF refer to ‘single-frequency’
and ‘differential-frequency’, respectively; K; and K; are the single-
frequency and differential-frequency traveltime kernels associated
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Figure 8. Illustration of the short-scale oscillations of differential-frequency sensitivity kernels. Top panels show vertical slices through 3-D S-wave sensitivity
kernels for a receiver at 70° epicentral distance and for measurements at (a) 15, (b) 22 and (c) 51 s dominant periods. Bottoms panels show resulting
differential-frequency kernels (i.e. the difference between two single-frequency kernels) for the combination of period bands (d) 15-22 and (e) 15-51 s.

with receiver i for a given earthquake, and m denotes the medium
properties; that is, the relative perturbation in seismic velocities
(e.g. dlnvy); and r is the radius vector. The volume integral formally
is taken over the entire volume of the Earth @, but in tomographic
practice typically is restricted to the region in which the amplitude
of the finite-frequency sensitivity kernels is significant (e.g. Zaroli
et al. 2013). The computation of the differential-frequency kernels
in equation (5) exploits the linearity of equation (3), which has
been verified for velocity perturbations of up to +10 per cent by
Mercerat & Nolet (2013). The differential-frequency residuals that
we construct here are similar in nature to the ‘optimal observables’
recently introduced by Bernauer et al. (2014). The construction of
the latter involves an optimization step with the goal to enhance
sensitivity with respect to certain model parameters such as density.
Our differential-frequency measurements on the other hand turn out
to highlight a certain region of the mantle without any optimization
involved; that is, they are trivial to construct.

Coming back to Fig. 7, the most striking observation is the strong
similarity between the differential-frequency residuals of the whole-
mantle and the lower-mantle model. Looking at the 15-22.5 s resid-
uals in column 3 first, one can recognize that all five features that
we distinguished in the heterogeneity maps show up in the residual
maps of both models (for Feature F3 and F5 to a lesser extent). Most
important, the almost exact same overall pattern is visible in the top
and bottom maps of column 3. The comparison between the single-
frequency and differential-frequency residuals for the lower-mantle
model reveals the influence of the kernel oscillating on shorter-
scales for the latter. For example, Feature F4 is clearly discernible
in the bottom map of column 3, however not as a pattern with just
positive residuals, but now as two adjacent stripes of both positive
and negative residuals.

The strong similarity between differential-frequency residuals of
the lower-mantle and the whole-mantle model can also be seen
for other combination of periods, for example 15-51 s (column 4

from left in Fig. 7; see also Supporting Information Fig. S3 for
the differential-frequency residual maps for the other combinations
of periods). For the 15-51 s case, the features identified in the
structures at the ray turning point are also imprinted in both maps,
but with stronger amplitudes. The only exception is Feature F5,
which appears in the bottom map for the lower-mantle model as
adjacent positive and negative stripes (stronger than at 15-22.5 s).
In the map for the whole-mantle model, however, this feature cannot
be seen, but seems to be overprinted by a long band of negative
residuals that runs straight away from the event through Russia.
Speculating, this band could be related to the S-wave radiation
pattern of the earthquake, as it lies roughly at 45° to the nodal
planes of the focal mechanism.

Fig. 9 shows the same comparison between the differential-
frequency measurements in the whole-mantle and the lower-mantle
model for the P-wave residuals. There, one can also see some
similarity between the two models in case of the 15-22.5 s maps;
that is, the closest lying period bands. However, the differential-
frequency residuals in the whole-mantle model seem to be domi-
nated by negative values overall, which degrades the similarity to
some extent. The same can be seen in the 15-51 s case, where the
tendency towards negative values is even more severe. In addition,
the characteristic band of extreme values shows up again that is
related to the interaction of the wavefield with structure near the
source as discussed in Section 3.1. Still, some imprint of Features
F1 and F4 is visible in the map for the whole-mantle model, and
signals from the upper mantle are largely cancelled. In the 15—
51 s map, the negative residuals related to the subduction of the
Pacific plate and the shallow lying remnants of the Farallon slab,
which are the dominant features in the 15 s single-frequency map
for the whole-mantle model, are only faintly visible. In case of the
15-22.5 s differential-frequency residuals, this upper-mantle signal
is almost completely cancelled as well as the signal related to the
Tethys subduction.
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Figure 9. Same as Fig. 7 (columns 2-4) for P-wave traveltime residuals.

4.1.1 Quantifying the similarity between residuals
in the whole-mantle and in the lower-mantle model

It is clear that a simple visual comparison of maps is unsatisfactory
to judge on their similarity between the whole-mantle and the lower-
mantle model. To this end, we analysed the similarity between the
maps in more detail based on 1) the root-mean-square (RMS) differ-
ence of either single-frequency or differential-frequency residuals
for all stations, and 2) a “direct station-by-station’ (DSS) similarity.
We define the DSS similarity as the number of stations that have
an absolute difference between the lower-mantle residual and the
whole-mantle residual of less than 0.2 s (two times the precision
of our cross-correlation traveltime residuals), relative to the total
number of stations. The DSS thus neglects minor differences be-
tween the differential-frequency residuals and is a scalar number
that can vary between 0 (no similarity) and 1 (perfect similarity).
In Appendix SOM1 in the Supporting Information, we provide fur-
ther details including an analysis based on an additional measure
of graphical similarity between maps of seismic heterogeneity and
maps of traveltime residuals.

The results of the similarity analysis are given in Fig. 10, where
the mean and standard deviation of the DSS similarity and RMS
differences are shown for the set of 17 earthquakes. In case of
single-frequency measurements, the similarity between both models
is quite small, with mean values close to 0.15 for all period bands in
case of P-waves and below 0.1 in case of S-waves. As expected from
the visual inspection of the maps discussed above, the similarity is
substantially larger in case of the differential-frequency measure-
ments with mean values between 0.4 and 0.8 in case of P-waves and
between 0.3 and 0.7 in case of S-waves. The smallest value for both
types of waves is obtained for the largest difference in dominant pe-
riod (15-51 s) and the largest similarity for the smallest difference
in dominant period (15-22.5 s). Interestingly, the increase in sim-
ilarity between the single-frequency and the differential-frequency
residuals is larger for the S-waves compared to that of the P-waves.

4 -3-2-101 2 3 4
Adt[s]
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The case for differential-frequency traveltimes gets even stronger
when looking at the RMS difference of residuals between the two
models (Figs 10c and d). Mean RMS differences for the P-wave
single-frequency residuals all fall within the range from around 0.8
to 1.5 s and those of the S-waves within the range from 2.0 to
2.5 s. In contrast, RMS differences are much smaller in case of the
differential-frequency residuals, the largest ones being ~0.8 s for
P-waves and ~1.1 s for S-waves at the period combination 15-51 s.
The smallest ones are around 0.25 and ~0.3 s, respectively, for the
15-22.5 s period combination.

The above analysis confirms the visual impression from Fig. 7
that there is significant similarity between the differential-frequency
measurements of the whole-mantle model and the lower-mantle
model. This in turn indicates that differential-frequency residuals
(i.e. the diffraction-induced dispersion) indeed are less influenced by
the upper-mantle structure of our model than the single-frequency
residuals. In case of S-waves, they even are dominated by seismic
heterogeneity in the lower mantle, as can be seen from the ratio of
the standard deviations of dispersion between the lower-mantle and
the whole-mantle model in Table 4.

4.2 Potential benefit of differential-frequency
measurements for tomography

We speculate that differential-frequency traveltime residuals may
be beneficial when used as data for tomographic inversions that
try to illuminate the deep Earth structure. It seems that by taking
the difference between cross-correlation measurements in different
frequency bands, the signal from shallow mantle structure is (at
least partially) removed. In fact, any constant offset coherent be-
tween the two measurements, such as for example errors related
to event mislocation or origin time that affect real data, will be
cancelled. The degree to which the signal of the upper mantle and
lithosphere is eliminated depends on the choice of dominant periods
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Figure 10. (a,b) Direct station-by-station similarity and (c,d) root-mean-
square difference between traveltime residuals in the whole-mantle and the
lower-mantle model. Upper and lower parts of each panel show results
for single-frequency and differential-frequency residuals, respectively. Red
squares and error bars show the mean and standard deviation, respectively,
for the set of 17 earthquakes simulated in this study.

(controlling the length-scale of oscillations of the sensitivity ker-
nels) in combination with the characteristic length scales of structure
in the lithosphere and upper mantle. For example, if the structural
length scales at shallow depth are larger than the width of the Fres-
nel zones of both waves there, the resulting contribution to the
traveltime will be similar for each single frequency and thus the
difference will be close to zero. In essence, for large-scale struc-
tures in the upper mantle the differential-frequency measurements
are similar in nature to other classical (i.e. ray-theoretical) differen-
tial traveltime measurements, such as PP-P/SS-S or PcP-P/ScS-S.
The advantage of the new datum, however, is that the waves cor-
responding to both single-frequency residuals have travelled along
exactly the same ray-theoretical path (just having Fresnel zones
of different width), which is not true for the classical differen-
tial traveltimes. It remains to be tested whether the sensitivity of
differential-frequency traveltime residuals can be represented with
sufficient accuracy using ray-theoretical kernels (excluding the near-
and mid-field terms and neglecting the P-wave cross-dependence)

or whether one has to resort to full waveform based adjoint kernels.
Note that for the former case this would involve a very fine sampling
of the differential-frequency sensitivity kernels in order to correctly
capture their short-scale oscillations.

In this study, we have provided some first evidence that
differential-frequency measurements may bear advantages for to-
mographic studies. Our findings are based on synthetic seismic
structures, which are derived from a geodynamic model of mantle
flow. In earlier work, we have shown that the seismic heterogeneity
in our model is very well compatible with body-wave data and to-
mographic models in a statistical sense (Schuberth ef al. 2009a,b,
2012). In particular, there is very good agreement in the spectral
characteristics of the synthetic mantle structures with those imaged
by tomography, which means that the characteristic length scales
are earth-like. However, lithosphere structure may be too simplistic
in our model, as it is represented only as a pure thermal bound-
ary layer. It thus remains to be seen whether the addition of more
realistic structures in the upper 100-150 km (including the ocean-
continent dichotomy, etc.), for example from models like 3SMAC
(Nataf & Ricard 1996) or Lithol.0 (Pasyanos et al. 2014), will lead
to the same conclusion.

It is also clear that this study just provides a starting point and
that a formal inversion is needed to quantify the potential gain of
using differential-frequency traveltime residuals in a realistic to-
mographic scenario. With a similar intention, Zaroli et al. (2014)
recently demonstrated that errors in tomographic inversions due to
uncertainties in earthquake parameters (e.g. hypocentre location and
origin time) can be reduced by using suitable receiver pairs. Based
on the results of this study, one question that we wish to address in
future will be whether the differential-frequency residuals can also
help in reducing the mislocation-related bias. Another question is
whether these data would help in treating the signal of the crust.
Crustal corrections typically pose considerable problems in tomo-
graphic studies, as the structure in the shallowest part of the Earth
is not perfectly known (e.g. Ferreira et al. 2010). This is true not
only for ray-theoretical body-wave as well as full waveform surface
wave inversions (e.g. Leki¢ et al. 2010), but in particular also for
tomographic studies based on finite-frequency theory (e.g. Yang &
Shen 2006; Ritsema et al. 2009). There, special care needs to be
taken to mimic the waveform distortion due to crustal reverberations
when computing the reference waveform for the cross-correlation
measurements (Zaroli et al. 2010). This processing step could po-
tentially introduce systematic errors and would thus preferably be
avoided.

5 CONCLUSIONS

In this study, we have investigated the strength of diffraction-
induced traveltime dispersion of seismic body waves in mantle
models with isotropic and perfectly elastic seismic heterogeneity.
The 3-D distribution of seismic velocities and densities is based
on the temperature field of an isochemical MCM. To specifically
quantify the dispersion related to the lower mantle, we investigated
a model in which heterogeneity was removed in the upper 800 km,
in addition to the original model in which heterogeneity exists in the
entire mantle. 3-D global wave propagation in the two models was
simulated using a spectral-element method deliberately excluding
effects of intrinsic attenuation as well as 3-D structure in the crust.
Using the waveforms of direct P- and S-waves in the synthetic seis-
mograms, we have measured traveltime residuals in four frequency
bands using a cross-correlation technique. The frequencies used
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here are at the long period end of the usable spectrum for body
waves, in particular for P-waves. The restriction to periods above
10 s is related to the intense computational requirements of wave
propagation simulations on a global scale. With the ever growing ca-
pabilities of high-performance computing infrastructures, it will be
possible in near future to increase the frequencies in the simulations
and to cover a larger range of the teleseismic body-wave spectrum.
Nevertheless, the synthetic multifrequency measurements obtained
here allow us—for the first time—to characterize in a relevant part
ofthe frequency range the wavefield effects to be expected in a man-
tle with earth-like structural length scales and realistic magnitudes
of seismic heterogeneity.

The most important result is that our synthetic data do indeed
show significant diffraction-induced dispersion between the longest
and shortest period, in both the whole-mantle and the lower-mantle
model. The following general trend can be observed: Differences
between long-period and short-period residuals tend to increase with
increasing short-period signal. The fact that these differences tend
to be positive for negative short-period residuals and negative for
positive ones indicates ubiquitous wave-front healing. At first sight,
the dispersion signal relative to the short-period residual appears
to be larger in the lower-mantle model compared to the whole-
mantle model. The smaller relative dispersion in the whole-mantle
model, however, is due to non-zero mean short-period residuals
for individual earthquakes related to the near-surface effects. For
data from a single event, the variation of the diffraction-induced
dispersion with the short-period residual is similar between both
models if the event-mean is removed.

The dispersion, in the way it is defined here as the difference
between traveltime residuals measured in different frequency bands
for a given station-event pair, can also be regarded as a new seismic
datum: a differential-frequency time residual. We have quantified
the similarity of the source—receiver specific differential-frequency
residuals between the whole-mantle and the lower-mantle model.
A second important outcome of our study is that the dispersion
is not only similar in a statistical sense, but also for the indi-
vidual differential-frequency residuals. This leads us to conclude
that this datum is to some extent insensitive to upper-mantle struc-
ture. The similarity of the dispersion between our two models is
more pronounced in case of S-waves and varies among the differ-
ent combinations of frequency bands (i.e. different combinations
of wavelengths/Fresnel zones). The extent to which differential-
frequency residuals are insensitive to upper-mantle structure thus
seems to depend on the relation between the wavelengths involved
and the characteristic length scales of heterogeneities at shallow
depth. Differential-frequency traveltime residuals may therefore po-
tentially prove useful to learn more about the characteristic length
scales of v, and v, variations in the lithosphere and upper mantle.
Using differential-frequency data may also help to improve tomo-
graphic models of the lower mantle, as they might result in elim-
ination of systematic errors and precondition the inversions such
as to reduce influence of upper mantle for certain length scales.
Formal inversions on synthetic test cases will be necessary to elu-
cidate whether these data can indeed be beneficial for tomographic
studies. In addition, future studies need to investigate the degree of
contamination of the differential-frequency residuals by the seismic
signature of the crust and its impact on our conclusions as well as
the effects of a potential frequency-dependence of the source-time
function.

Overall, the dispersion of traveltime residuals introduced by
virtue of diffraction at 3-D heterogeneities (which here are de-
rived from the temperature field of a mantle flow model) is quite
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substantial and is therefore of relevance to seismic studies. This
notion is based on our findings of rather large standard deviations
of the LP-SP differences compared to the average magnitude of
the single-frequency residuals. For the longest and shortest periods
considered here (i.e. 51 and 15 s, respectively), standard deviations
of dispersion are 0.6 s for P-waves and 1.0 s for S-waves. This
represents a large fraction of the total short-period residual. The
standard deviations of single-frequency residuals at 15 s are 1.0
and 2.8 s for P- and S-waves, respectively (note that these values
agree with the inferred mantle contribution to the total variance of
observed traveltime residuals; Bolton & Masters 2001; Schuberth
et al. 2012). Relative to the short-period residuals, P-waves thus
show stronger diffraction-induced dispersion than S-waves, which
is expected from their larger Fresnel zone at the same frequency.

The strength of dispersion found here is significant not only with
respect to the magnitude of the residuals themselves, but also with
respect to the dispersion observed in real data. Zaroli et al. (2010)
have measured cross-correlation traveltime residuals in the global
seismic network for S, SS and ScS waves at the same frequencies
as used in the present study. They also found values of dispersion
for the S-waves of around 1-2 s, similar to those found here. We
note again that we did not include crustal effects in our study, which
might explain the slightly smaller dispersion in our case. If the
information contained in this dispersion signal is fully exploited
through multifrequency inversions, Earth’s deep interior can likely
be imaged at unprecedented resolution and accuracy. In particu-
lar, it will hopefully be possible to better constrain the gradients
of velocity anomalies as well as their magnitude. To this end, it
will be necessary to reduce (at best eliminate) uncertainties in the
data related to event mislocation, inexact origin time and effects
from crustal corrections using imperfect models. All these effects
actually introduce errors that are of same order as the average trav-
eltime residual itself (e.g. Bolton & Masters 2001). Zaroli et al.
(2014) have recently explored new ways to reduce the influence of
event mislocation on tomographic images, but further efforts in this
direction are necessary.
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SUPPORTING INFORMATION

Additional Supporting Information may be found in the online ver-
sion of this paper:

Figure S1. Same as Fig. 2 for an earthquake in Southern Iran
(event 2 in Table 1). Traveltime residuals are mostly negative in
consequence of the event being located within a broad region of
fast seismic velocities related to the convergence of Africa/Arabia
with Eurasia and the closure of the Tethys Ocean.

Figure S2. Same as Fig. S1 for the lower-mantle model S09-M2-Q-
LM (3-D heterogeneity below 800 km depth only). The magnitude
of traveltime residuals is lower compared to Fig. S1 and positive
and negative residuals are more balanced.

Figure S3. Same as Fig. 7 (columns 3 and 4) for the period combi-
nations 15-34, 22.5-34, 22.5-51 and 34-51 s.

Figure S4. Comprehensive comparison between S-wave traveltime
residuals in the whole-mantle and the lower-mantle model and
between traveltime residuals in each model and the seismic het-
erogeneity. Upper and lower parts of each panel show results for
single-frequency and differential-frequency residuals, respectively.
Coloured symbols and error bars show the mean and standard de-
viation, respectively, for the set of 17 earthquakes simulated in
this study. (a) Root-mean-square difference, (b) direct station-by-
station similarity, (c) correlation and (d) graphical pixel-by-pixel
similarity between traveltime residuals in the whole-mantle and
the lower-mantle model. (e) Correlation and (f) graphical pixel-by-
pixel similarity between traveltime residuals and S-wave velocity
heterogeneity. In panels (e) and (f), symbols depict comparisons
between (red) residuals in the whole-mantle model and heterogene-
ity at 50 km depth, (green) same for residuals in the lower-mantle

model, (blue) residuals in the whole-mantle model and heterogene-
ity at the ray turning point and (magenta) same for residuals in the
lower-mantle model.

Figure S5. Frequency dependence of the standard deviation of trav-
eltime residuals. The scaled median average deviation (SMAD, de-
fined in Section 2.1 of the main text) is employed as measure of
scale, which is a robust (i.e. unbiased) estimator for the standard
deviation (Kleiner & Graedel 1980). (a,d) Standard deviation of
the residuals plotted as a function of ray-turning depth for (blue)
P-waves and (red) S-waves. Solid, dashed, dash-dotted and dotted
lines correspond to measurements at 15,22.5, 34 and 51 s dominant
period, respectively, in (top) the whole-mantle model and (bottom)
the lower-mantle model. (b,c,d,f) Relative change of the SMAD at
22.5,34 and 51 s period with respect to that at 15 s period (dashed,
dash-dotted and dotted lines, respectively).

Figure S6. Top maps: Same as Fig. 2 for an earthquake at the central
mid-Atlantic ridge (event 8 in Table 1) using modified versions of
the whole-mantle model S09-M2-Q: (left) 3-D heterogeneity re-
stricted to v, (i.e. 1-D profiles for v, and density are used) and only
the P-wave residuals are shown; (right) 3-D heterogeneity restricted
to v, and only the S-wave residuals are shown. The effects of the P-
wave cross-dependence can be seen in case of the v,-only model. In
contrast, S-wave residuals show very little dependence on variations
in compressional velocity, as expected. Bottom: Same as Fig. S5a for
event 8 in (left) the v,-only and (right) the v,-only model. (http://gji.
oxfordjournals.org/lookup/suppl/doi:10.1093/gji/ggv389/-/DC1).

Please note: Oxford University Press is not responsible for the con-
tent or functionality of any supporting materials supplied by the
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rected to the corresponding author for the paper.
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