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SUMMARY

A major challenge in seismic tomography consists in quantifying and representing model
resolution and uncertainty, particularly at global scales. This information is crucial for
interpretations of tomographic images and their technical application in geodynamics.
However, due to large computational costs, there have been only few attempts so far
to coherently analyse the spatially varying resolving power for a complete set of model
parameters. Here, we present a concept for an effective evaluation and global represen-
tation of the 3-D resolution information contained in a full set of averaging kernels.
In our case, these kernels are constructed using the ‘Subtractive Optimally Localized
Averages’ (SOLA) method, a variant of classic Backus-Gilbert inversion suitable for
global tomography. Our assessment strategy incorporates the following steps: 1) a 3-D
Gaussian function is fitted to each averaging kernel to measure resolution lengths in
different directions; 2) we define a classification scheme for the quality of the averaging
kernels based on their focus with respect to the estimated 3-D Gaussian, allowing us
to reliably identify whether the inferred resolution lengths are robust. This strategy is
not restricted to SOLA inversions, but can, for example, be applied in all cases where
point-spread functions are computed in other tomographic frameworks.

Together with model uncertainty estimates that are derived from error propagation
in the SOLA method, our concept reveals at which locations, resolution lengths and
interpretations of model values are actually meaningful. We finally illustrate how the
complete information from our analysis can be used to calibrate the SOLA inversion
parameters —locally tunable target resolution kernels and trade-off parameters— with-
out the need for visual inspection of the individual resulting averaging kernels. Instead,
our global representations provide a tool for designing tomographic models with specific
resolution-uncertainty properties that are useful in geodynamic applications, especially
for linking seismic inversions to models of mantle flow.
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1 INTRODUCTION

Global seismic tomography is the primary technique for re-
vealing the physical structure of the deep Earth. The first
tomographic models of the Earth’s mantle, developed more
than four decades ago, have mainly been concerned with
mapping seismic heterogeneity at spherical harmonic de-
grees of 6-8; that is, at wavelengths of thousands of kilome-
tres (Sengupta & Toksoz 1976; Aki et al. 1977; Dziewonski
et al. 1977). Over the years, the resolution of global tomo-
graphic images has steadily been improving by the general
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increase in data coverage, by exploitation of datasets with
complementary sensitivity, as well as through advanced for-
ward and inverse modelling techniques (e.g. Ritsema et al.
2011; Schaeffer & Lebedev 2013; Zaroli et al. 2015; French
& Romanowicz 2015; Koelemeijer et al. 2016; Fichtner et al.
2018; Lu et al. 2019; Hosseini et al. 2020; Lei et al. 2020).

Still, in many regions there is only little consensus on
the seismic heterogeneity at shorter length scales of ~300-
500 km and less. Not only the exact geographic distribution,
but in particular the magnitudes of heterogeneity, are diffi-



21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

2 Freissler, Schuberth, Zaroli

cult to constrain with tomographic methods. For example,
regularization with damping and smoothing constraints is
typically needed to counteract the ill-posed nature of the
problem, but this inevitably biases the recovered model am-
plitudes (e.g. Ritsema et al. 2007; Nolet 2008; Schuberth
et al. 2009a). Further intricacies arise from complex non-
linear wavefield effects and trade-offs between physical pa-
rameters (e.g Hung et al. 2001; Favier et al. 2004; Zhang &
Shen 2008; Mercerat & Nolet 2012; Schuberth et al. 2015;
Koroni et al. 2022). The continuing desire in tomographic
studies to increase resolution beyond the current limits is
not an end in itself, but for global applications motivated
by the estimated thickness of the thermal boundary layers
of the mantle and the associated expected size of slabs and
plumes. In light of such geodynamic considerations, an ac-
curate retrieval of heterogeneity at spatial scales of ~100
km and less is crucial for subsequent quantitative infer-
ences in studies of the lower mantle (e.g. Schuberth et al.
2009b; Koelemeijer et al. 2018; Choblet et al. 2023; Richards
et al. 2023), reconstructed time evolution of mantle flow (e.g.
Bunge et al. 2003; Spasojevic et al. 2009; Shephard et al.
2010; Horbach et al. 2014; Colli et al. 2018; Ghelichkhan
et al. 2021) and surface dynamic topography (e.g. Davies
et al. 2019, 2023). In addition to the dynamically inherent
size of thermal anomalies, variations in mineral phase assem-
blage and chemical composition likely occur on even shorter
scales (e.g. Stixrude & Lithgow-Bertelloni 2007; Papanag-
nou et al. 2022).

Despite the great progress in global seismic tomogra-
phy, relatively few studies addressed explicitly the problem
of quantifying the spatially variable resolving power of a
given inversion (e.g. Boschi 2003; Ritsema et al. 2004; Sol-
dati et al. 2006; Ritsema et al. 2011; Koelemeijer et al. 2016;
Simmons et al. 2019). Those studies have in common that
their tomographic systems are based on a linearization of
the (weakly) non-linear problem, such that the quantifica-
tion of resolution is straightforward from a theoretical point
of view. This requires the computation of the resolution ma-
trix, which allows for a complete characterization of the un-
derlying effects of imperfect data coverage and regulariza-
tion. Moreover, the linear nature of the solution lends itself
to practical applications where limited resolution is a critical
aspect of quantitative model interpretation. An example for
this is tomographic filtering of geodynamic Earth models,
which is a necessary step to obtain fair and consistent com-
parisons between these independent theoretical predictions
of present-day seismic heterogeneity and the tomographi-
cally imaged structures (e.g. Mégnin et al. 1997; Ritsema
et al. 2007; Schuberth et al. 2009a; Nerlich et al. 2016; Sim-
mons et al. 2019; Freissler et al. 2020). Together with the
posterior covariance matrix, which includes the variances
and correlations of model parameters, the non-uniqueness
and quality of the tomographic solution can be fully ap-
praised (e.g. Nolet 2008; Simmons et al. 2019).

For non-linear systems, in contrast, a complete formal
quantification of resolution and uncertainty is often not vi-
able in practice. In full waveform inversions based on nu-
merical wavefield simulations and adjoint techniques (e.g.
Igel et al. 1996; Pratt 1999; Fichtner et al. 2009; Tape et al.
2009; Colli et al. 2013; Krischer et al. 2018; Ma et al. 2022;
Rodgers et al. 2022), there is still a gap between the relative
wealth of information in the data and the available tools to
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assess the general non-uniqueness, especially in global mod-
els. One possibility to approach this problem is Bayesian in-
ference (Tarantola 2005) in order to elegantly deal with the
non-linearity. However, probabilistic approaches that rely on
sheer random sampling of the posterior probability density
function are out of reach for global scale applications due
to the high computational costs of repeatedly solving the
forward problem in such analyses. Several other strategies
have thus been proposed to address this issue, which mostly
involve an approximation of the Hessian matrix for the mis-
fit function in the vicinity of the ‘optimal’ model. This is
motivated by the insight that the Hessian matrix may be ex-
ploited in a local sense as the inverse of the posterior model
covariance (e.g. Tarantola 2005; Bui-Thanh et al. 2013; Liu
et al. 2021). It allows for some practical inferences, such as
in extremal bounds analysis (Fichtner 2010), or for an effi-
cient exploration of the model nullspace (e.g. Deal & Nolet
1996; Liu & Peter 2020; Fichtner et al. 2021). Hessian-vector
products may also be used to compute local point-spread
functions (e.g. Fichtner & Trampert 2011; Fichtner et al.
2013) that are equivalent to the columns of the resolution
matrix in a linear framework. However, except for point-
spread function tests for a few individual locations in the
full-waveform models GLAD-M15 (Bozdag et al. 2016) and
GLAD-M25 (Lei et al. 2020), these sophisticated methods
have found only limited usage in global scale applications so
far.

It must be noted that even in the linear case, comput-
ing formal resolution and uncertainty is a formidable chal-
lenge (e.g. Rawlinson et al. 2014). Stochastic techniques may
yield specific characteristics of the resolution matrix, such
as depth-dependent average resolution lengths (Trampert
et al. 2013) or the main diagonal elements (MacCarthy et al.
2011). The diagonal entries give an indication of the resolv-
ability at the parameter location of interest, while resolution
lengths characterize the impact range of off-diagonal entries
representing inter-parameter trade-offs. More detailed infor-
mation can be extracted, for example by a statistical resolu-
tion matrix (An 2012), or a stochastic estimation of point-
spread function parameters, which can in turn be applied to
both linear and non-linear problems (Fichtner & Leeuwen
2015). It is also possible in large-scale problems to use di-
rect approaches for computing the resolution matrix that
involve efficient numerical strategies (Boschi 2003; Soldati
et al. 2006; Bogiatzis et al. 2016). Alternatively, practical
approximations can be made to estimate both the resolu-
tion matrix and the posterior covariance (e.g. Nolet et al.
1999; Simmons et al. 2019).

A straightforward method to compute directly the res-
olution as well as uncertainty can be found in the sem-
inal work by Backus & Gilbert (1967, 1968, 1970). In
Backus—Gilbert theory, the estimates of individual model
parameters can be interpreted as localized spatial averages
around a given target location. In contrast to the more com-
monly used linear methods in tomography, which often em-
ploy Tikhonov regularization for norm damping, no a priori
constraints on model values need to be prescribed that may
bias model amplitudes. Instead, a certain control can be
exerted on the trade-off between a favourable spatial struc-
ture of averaging kernels (that determine resolution) and
the amount of data errors propagating into the averages as
model uncertainties (Backus & Gilbert 1970).
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A variant of the Backus—Gilbert method, called Sub-
tractive Optimally Localized Averages (SOLA), was intro-
duced to global seismic tomography by Zaroli (2016). Orig-
inally formulated and termed SOLA by Pijpers & Thomp-
son (1992, 1994) for 1-D inversions in helioseismology, the
method may have been discovered independently by several
authors in different contexts (e.g. Oldenburg 1981; Louis
& Maass 1990). In geophysics, it was further adapted for
solving discrete and continuous 2-D and 3-D large-scale to-
mographic problems (Zaroli et al. 2017; Zaroli 2019) and
has since been applied to surface wave tomography (Latal-
lerie et al. 2022; Amiri et al. 2023), normal modes (Restelli
et al. 2024), and modelling the radial magnetic field at the
core-mantle boundary (Hammer & Finlay 2019). The great
advantage of the SOLA method compared to the classic
Backus—Gilbert formulation arises from the implementation
of target kernels with prescribed finite size, which specify
the volume around the specific parameter location in which
the inversion shall provide the spatial average of the model
values. The target kernels make it possible to provide a pri-
ori information on the expected local resolution length scales
(i.e. they allow for potentially exerting a rather direct con-
trol on the final resolution), while the so-called trade-off pa-
rameter moderates error propagation. Moreover, the SOLA
method enables perfectly parallel computations of the model
values as well as of the averaging kernels and propagated
uncertainty. So far, however, there is no definite method or
recipe for the automatic selection of the SOLA inversion
parameters, namely the size of the individual target ker-
nels and the particular choice for the trade-off parameters,
throughout a complete model. In global seismic tomogra-
phy, such a strategy would be particularly helpful due to
the highly inhomogeneous data coverage, leading to locally
different quality of the tomographic solution. The remaining
issue in that regard is the lack of tools for assessing the entire
set of averaging kernels in a 3-D setting. Furthermore, even
if one can compute with SOLA, or any other tomographic
method, a complete set of averaging kernels (or point-spread
functions), one will never be able to visually calibrate and
analyse each one individually. In other words, it is still a
challenge in itself to effectively represent and communicate
the resolution information (Trampert 1998).

The objective of this paper is therefore twofold: First,
we want to explore for a previously employed tomographic
dataset, how different inversion parameter choices in the
SOLA method applied to global S-wave tomography lead
to different local resolving power and model uncertainties.
To this end, we systematically test several combinations of
target kernels and trade-off parameters spanning the range
from low-resolution to high-resolution inversions, each with
varying degrees of resulting model uncertainty. Second, in
order to effectively analyse the results from different inver-
sion parameter combinations, we develop a combined anal-
ysis of the resolution length scales in 3-D together with a
specific test of the adequateness of the method for estimat-
ing these lengths. This allows us to represent the practically
relevant information on resolution in the SOLA averaging
kernels on a global scale, which can then be inspected along-
side the uncertainty propagating into the model.

We start with a brief review of the SOLA method and
describe the general tomographic system that we employ in
Section 2 and Appendix A. Computational aspects regard-
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Resolution in global seismic tomography 3

ing the efficient solution of the linear SOLA system are de-
scribed in Appendix B. Section 3 provides examples of typ-
ical SOLA averaging kernels for different inversion choices
and motivates the development of a strategy for estimating
resolution lengths with a Gaussian approximation in Section
4. Important for this analysis will be to test this Gaussian
approximation, for which we introduce the concept of ‘focus’
that allows us to define different quality categories for the
averaging kernels. In Section 5, we provide global maps of
tomographic resolution lengths in specific but globally co-
herent directions, estimated in a robust manner using the
combined concepts of resolution and focus, together with
the propagated uncertainty. Finally, we discuss the impact
of the different possible choices of inversion parameters in
the SOLA method in light of possible optimal design towards
practical applications.

2 TOMOGRAPHIC METHODOLOGY

2.1 Review of the SOLA Backus—Gilbert method

The main insight of Backus—Gilbert theory is relatively
straightforward: given a finite amount of data, one can gen-
erally not retrieve exact point estimates of the Earth model
parameters m(r) of interest. Nevertheless, it is often possible
to infer at a model target location r™*) a unique weighted
average m™* | such that

m*) = / AP (r)ym(r) d’r, (1)

1%

where A®™(r) is the averaging or resolving kernel
(Backus & Gilbert 1968, 1970). Classically, the objective is
to obtain an optimally localized averaging kernel that ap-
proximates a delta peak at r*®), constructed from a linear
combination of N data(-sensitivity) kernels K;(r). In the
linear case, the data kernels K;(r) relate model parameters
m(r) to the measured data d; in the form of
N, (2)
where the data d; include an error (or noise) component
n; that is assumed here to be independent and normally
distributed with zero mean and variance crfli. To compute

d; I/ Kl(r) m(r) d3r+ni, 1=1,...
Vv

global sets of averaging kernels A% (r), we employ the SOLA
method (Zaroli 2016) that solves the following optimization
problem:

2
[ (9@ -10w) '+ 0 ot
\%

subject to / AP (r)dPr =1,
v

min
x(k)

®3)
(4)

where T™)(r) is a target (resolution) kernel, 5 the trade-off
parameter and afh(m the model variance from error propa-
gation. The solution of eq. (3)+(4) yields a set of coefficients
x® that can be interpreted as (the k-th row of) a general-
ized inverse operator and determines the estimated average
m® | the averaging kernel A®)(r) and the model uncertainty
from error propagation o x) (plus covariance if desired):

x = ¢ S oM Ki(r) s AWE) (5)
(N (@)2(04))V2 — o,
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Target kernel Averaging kernel + Target ellipsoid

Target kernel T at max/2

wryv : horiz./vert. resolution target lengths
— half width at half maximum

L Te—— g

-max/2 0 max/2

Figure 1. Left: Cross-section of a target kernel with horizontal
and vertical half widths wy,y = 600/300 km. The cyan ellipse
marks the contour line at half maximum. Right: Cross-section for
an averaging kernel at the same target location. To get an idea of
the fit to the target kernel, we also plot the target ellipse at half
maximum.

The unimodular constraint in eq. (4), which is also implied
by the classical Backus—Gilbert theory, ensures that 7
represents a physical volumetric average. In the hypothetical
presence of a constant model value around the target loca-
tion r®, the estimated model amplitude would thus not be
artificially scaled. Most important, the introduction of a tar-
get kernel T (r) in the SOLA method means that, instead
of an ideal delta peak, as in the original Backus—Gilbert for-
mulation, a practically more relevant spatial function is un-
derlying the construction of the averaging kernels. Different
choices of T™ (r) then allow us to use information on the ex-
pected local resolution by varying the shape and weighting
present in the target kernels. At the same time, the trade-
off parameter 7 ensures that the fit to the target kernel and
the variance of the propagated errors in the inferred aver-
ages can be controlled. Both T(k)(r) and 7 may be selected
with a subjective preference, however with the benefit that
the inversion results include complete information on reso-
lution and uncertainty. Note also that each choice of n and
T(k)(r) has a specific impact on all local model properties
(for details on the SOLA inversions employed here, includ-
ing computational aspects to solve the system efficiently for
all model parameters, see Appendix A and B).

2.2 Resolution length and choice of target kernels

To obtain robust resolution information from the SOLA
averaging kernels, Pijpers & Thompson (1994) calibrated
a practical threshold value based on visual inspection of
their target fit. This way, they were able to distinguish well-
localized from non-localized 1-D averaging kernels and could
use the prescribed target kernel peak width to infer resolu-
tion lengths. This is however not directly applicable in our
case. In 3-D tomography, the fit of A% to the target reso-
lution might be good in a specific direction and poor in any
other one. Therefore, no simple choice of target kernel 7"
and trade-off parameter 7 is reducing equally well the kernel
difference in all regions. Instead, additional information on
possible shifts and varying length scales in different direc-
tions is required to assess the averaging kernels (see Section
4). However, with the choice of a specific target T®) | one
can still promote a desired shape and size of the A prior
to the inversion.
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For this purpose, an intuitive parametrization for the
target kernel T™) is given by 3-D Gaussian functions that
have been used previously in seismology for analysing tomo-
graphic resolution (see e.g. Fichtner & Trampert 2011; An
2012). The kernels are centred at the target locations r*),
which correspond to the points in a tomographic grid (see
Section 2.3) By using a local Cartesian frame with origin at
r' ) (the prime indicates the change of basis), we can align
the principal axes of the Gaussian function along the hor-
izontal and vertical directions; i.e. they are oriented along
tangents in the latitudinal and longitudinal direction and
along the radius in the vertical direction, with respect to

r'*® . Our 3-D Gaussian target kernels are then given by
3 2 2
T(k)($/7y/azl) = a Xexp N
G w7 07

where w,/ ,/ ./ are the half widths at half maximum and 2’,
y' and 2’ refer to the axes in the local basis. Examples for
a target kernel T and a resulting averaging kernel A%
are visualized in Fig. 1. We specify the w, . in horizontal
(wg) and w.s in vertical direction (wv) of T as target
resolution lengths. As a remark, their relation to the stan-
dard deviation is w = a - o, where a = /2In(2) ~ 1.17.
Using w is particularly useful because it allows one to re-
late the kernel width to its maximum at the peak, which
facilitates comparisons of the volumetric change of various
kernels with different peak amplitudes. We directly evaluate
eq. (8) on the discrete tomographic grid (see Section 2.3).
In contrast to Zaroli (2016), the T*) are here not strictly
normalized, i.e. we do not enforce [, T® (r) d®r = 1. This
is done deliberately in order to preserve the Gaussian shape
of T™® within the finite volume V of the grid.

For the SOLA inversions in this study, we take 3 varia-
tions of T™) using Gaussian functions of progressively larger
horizontal and vertical target resolution lengths (wp,v =
300/200, 600/300, 900/400 km). Along with this, we test
3 different values for the trade-off parameter n (m1 = 5,
n2 = 10, n3 = 30; see also Table 1). Increasing values for
1 generally promote smaller model uncertainty o ., (x) while
deteriorating the fit of the averaging kernel A®) to T*)
The range of values of  was chosen empirically from a few
SOLA inversions for all 7™ in order to cover a range of
tomographically relevant levels for o, ), resolution length
scales and target fits.

2.3 Tomographic grid and dataset

Since we are interested in quantifying the impact of differ-
ent inversion parameter choices, we choose a global grid that
can well represent the shape of averaging kernels down to all
target length scales; that is, it covers at least the smallest
target half widths wyp/v = 300/200 km used here. In gen-
eral, we follow the parametrization strategy of Zaroli (2016),
where grid nodes are the upper vertices of triangular prisms
based on a spherical Delaunay triangulation for several dis-
tinct depth layers across the entire mantle. For details, the
reader is referred to Zaroli (2010, 2016). In radial direction,
we take the 18 depth layers from SOLA-Z16 (Zaroli 2016)
that are between 100-200 km thick, whereas in lateral direc-
tion, we use approximately equidistant spherical Fibonacci
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Figure 2. Left: Fibonacci grid on a sphere for the 530-660 km
depth layer using the algorithm by Swinbank & Purser (2006).
The nodes are the upper vertices of spherical triangular prisms
that are constructed by Delaunay triangulation. Right: His-
togram of internode distances for all 18 depth layers. The total
amount of unique lateral node connections (i.e. the number of
triangle edges) covered in the histogram is 447,567. The average
distance is ~224 km.

grids following Swinbank & Purser (2006). In Fig. 2 the grid
nodes of the layer at 530-660 km depth are shown as an
example. To create a suitable realization of the Fibonacci
grid, we empirically determine a specific amount of points
for each layer such that the maximum distance of neigh-
bours from the spherical Delaunay triangulation is less than
300 km. The distribution of the node distances across all
layers is shown in a histogram in Fig. 2. Minimum and av-
erage neighbour distances are about 176 km and 224 km,
respectively. In total, the grid includes 153,323 grid nodes.

As tomographic dataset, we use the source-receiver con-
figurations from the SOLA-Z16 model (Zaroli 2016) that in-
clude 79,765 cross-correlation traveltime measurements for S
and SS seismic phases at 22.5 s central period (Zaroli 2010).
Sensitivities to shear-wave velocity perturbations are calcu-
lated using paraxial finite-frequency kernels (Dahlen et al.
2000). The coverage of the dataset is particularly suitable
for investigating the velocity structure at depths between
400 and 1710 km (Zaroli 2016). However, there are mainly
two relevant regions that have different characteristic be-
haviour for resolution. At depths of ~400-810 km the finite-
frequency kernels for teleseismic S-waves have not bottomed
out yet, thus finding suitable linear combinations of the data
to enhance resolution locally can be more difficult there. In
contrast, at depths below ~810 km, larger horizontal vol-
umes are covered by the finite-frequency kernels, leading to
a higher chance for crossing volumes of sensitivity. To effec-
tively investigate the resulting averaging kernels, we there-
fore focus on two particular depth layers in this study (at
530-660 km, midpoint at 595 km and 1110- 1310 km, mid-
point at 1210 km depth) representing each situation.

3 SOLA AVERAGING KERNELS

To first get a rough appreciation of the behaviour of the
SOLA averaging kernels, we visually inspect some examples
before we proceed with the global analysis of all kernels in
Section 4. To this end, we show kernel cross-sections for the
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Table 1. SOLA inversion parameters used in this study. To fa-
cilitate discussion, a high resolution(HR) and a low resolution
(LR) setup are introduced. Horizontal and vertical target resolu-
tions wyy /v correspond to the half widths at half maximum of the
Gaussian target kernels (see eq. 6).

Target resolution wy /v

(horizontal /vertical) Trade-off parameter n

300/200 km m=5
600/300 km n2 = 10
900/400 km n3 =30

High resolution (HR) setup : 300/200 km, 71
Low resolution (LR) setup: 900/400 km, 13

different combinations (see Table 1) of trade-off parameters
n and target kernels T that we introduced in Section 2.2.

3.1 Influence of data coverage

A compilation of different averaging kernels is shown in Fig.
3 for two end-member combinations of 7™ and 1. They rep-
resent a high-resolution (HR) inversion with 7 (= 5) and
a target kernel size of wy,v = 300/200 km (Figs 3a and
d), and the contrary case of a low-resolution (LR) inversion
using 73 (= 30) and a target size of wy,v = 900/400 km
(Figs 3b and c). Dashed ellipses defined by horizontal and
vertical semi-axes wy and wy indicate the size of T for
the particular inversion (as shown in Fig. 1). Data coverage
is particularly good in the Northern Hemisphere (top row in
Fig. 3), where one can see that both HR and LR inversion
setups lead to averaging kernels that are overall well local-
ized and fit the shape of the target kernels. In Fig. 3(b) using
the LR setup for an averaging kernel centred below North
America, one can still observe stronger positive amplitudes
south of Hawaii outside the broader target region. Poor data
coverage in the Southern Hemisphere (bottom row in Fig.
3) typically leads to increased power in side lobes, reflecting
the difficulty of fitting the target kernel with a locally in-
complete dataset. For example, the averaging kernel in Fig.
3(c) for the LR setup is hardly centred and apparently dom-
inated by a subset of unidirectional data kernels reaching to
the surface between Kerguelen Islands and Australia. On the
other hand, the A®) in Fig. 3(d) combines poor data cover-
age with the HR setup, leading again to more pronounced
side lobes, but also to a good fit to the target for the bulk
of the averaging sensitivity. Fig. 3 already suggests that the
target kernel has a strong control on the resolution prop-
erties of A (as expected), and that poor data coverage,
although making the averaging kernels more prone to os-
cillatory behaviour, is not necessarily preventing one from
fitting the target resolution. Although being barely visible
here, negative values in the averaging kernels do exist, but
their amplitudes are mainly located outside the target region
and are generally small. A more quantitative analysis tak-
ing this into account is presented in the classification scheme
that we develop in Section 4.2.

3.2 Variable target kernel and trade-off parameter
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Figure 3. Lateral and vertical cross-sections for four different averaging kernels in regions of good and poor data coverage in the Northern
and Southern Hemisphere, respectively. Left and right panels show target locations at 595 km and 1210 km depth, respectively. a) and
d): ‘High-resolution’ setup (HR), A% for a trade-off parameter of m = 5 and target kernel T®) with horizontal /vertical extent of WH/V
= 300/200 km. b) and c¢): ‘Low-resolution setup (LR)’, A®*) for n3 = 30 and T*) with wgyv = 900/400 km. The low-resolution setup
leads to a preference of lower uncertainty o . (x) by using a larger trade-off parameter 73 at the cost of a worse fit to the target resolution.

The latter is marked by dashed ellipses (drawn at the half widths at half maximum wy /v of each T(’“)). Values of the averaging kernels
are normalized with their respective maximum. Because our tomographic grid is fine enough for the target length scales, it follows that
for an almost ideal fit, the darkest red values at the cut-off of the colour scale would all be within the target ellipses. Black contour lines
in the vertical cross-sections further indicate iso-surfaces at 1/2, 1/4, 1/8, 1/16 and 1/32 of the peak value.

While Fig. 3 visualizes the consequences of variable data
coverage, we can also systematically exploit the capabilities
of the SOLA method and investigate how different choices
of target kernel and trade-off parameter affect A® and the
propagated uncertainty o, ). Fig. 4 features such a set
of alternatively possible averaging kernels, corresponding to
the target location and the low-resolution example of Fig.
3(c) in the Southern Hemisphere. Here, we focus on vertical
cross-sections in west-east direction; complementary figures
for all cross-sections and kernels can be found in the online
supplementary material. The different averaging kernels are
organized in a matrix layout, going from smaller to larger
target kernel sizes from top to bottom and increasing values
for the trade-off parameter n from left to right.

An increase in 7 leads to an increase in model uncer-
tainty o, (x), which is indicated in each cross-section in
Fig. 4, ranging from 0.47 % for the HR setup, down to
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0.03 % dln(vs) for the LR setup. Likewise, at constant n
and growing target kernel sizes, model uncertainties also
decrease. None of the averaging kernels exactly attains the
maximum amplitude of their underlying TH At a target
size of wy v = 300/200 km, for example, the maxima of the
corresponding A are off by more than a factor of 2. For
larger target lengths, this difference is less severe. Overall,
an unsatisfactory visual fit of the averaging kernels to their
respective target kernels is observed, which can be ascribed
here to a single finite-frequency kernel that seems to domi-
nate the averaging. A different situation is shown in Fig. 5.
At this location, the data coverage is excellent, which leads
to a suite of averaging kernels that are Gaussian-shaped
for all parameter combinations tested. Peak amplitudes of
the averaging kernels for the lowest value of the trade-off
parameter are close to their respective target kernel value
and only moderately drop as 7 is increased. Even at lower
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Figure 4. Influence of increasing the trade-off parameter and target kernel size on the averaging kernels for a region of relatively poor
data coverage in the southern Indian Ocean, east of the Kerguelen Islands at 595 km depth. Left: lateral cross-sections of the target
kernel T(F) with horizontal and vertical extent wy and wy, respectively, used for the inversion. Right: vertical cross-sections (West-East)
of the resulting averaging kernels A(¥) for all combinations of 1 (n1,2,3 = 5, 10, 30) and T(*)  Dashed ellipses indicate the size of T'(*)
with semi-axes of length wy and wy. The kernel values are normalized with their respective half maximum to facilitate comparisons.
Model uncertainties o, (k) are given in % dln(vg).
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Figure 5. Influence of increasing the trade-off parameter and target kernel size for a region of excellent data coverage in the central US
at 1210 km depth. Same layout as Fig. 4.
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- Gaussian fit to A™
Gaussian fit to A™ with correlation

used for definition
of ‘focus’

-

1/8 max

Averaging -

1/2 max
kernel A™

used for definition

wiz: horiz./vert. resolution estimates of ‘resolution’

Wmin/max. Min/max resolution lengths
— half width at half maximum

Figure 6. Concept for our resolution analysis and definition of
the ‘focus’ for an averaging kernel A(%) parametrized with a 3-
D Gaussian. Yellow and blue indicate an uncorrelated and cor-
related version of the Gaussian, respectively. Filled ellipses at
the half widths at half maximum (wgs/y//./) define estimated
resolution lengths, while the larger, unfilled ellipses at the half
width at one-eighth maximum define the region used for com-
puting the focus £ (see Section 4.2). In contrast to the simpler,
uncorrelated Gaussian §(*), the Gaussian §(*) with correlation
includes rotation with respect to the axes of the local Cartesian
frame centred at the target location. This could be used for esti-
mating minimum/maximum resolution lengths wy,;, /max, Which
however, would not lie along the same directions for all kernels.

model uncertainties o (x), the kernels also mostly retain lo-
calization and recover the target shape.

It is clear that a visual inspection of the averaging kernels
might be insufficient to judge on their quality and cannot be
performed individually for every model parameter. Also, it
does not provide information on the length scales of resolu-
tion that need to be quantified for a more thorough analysis.
This raises the question of how one could assess the qual-
ity and nature of the A™ in a consistent manner, such that
sensible estimates and comparisons of resolution lengths can
at best be made for the entire set of averaging kernels all
together.

4 QUANTIFYING RESOLUTION

A general problem for inferring meaningful information on
resolution in seismic tomography is that one cannot guar-
antee that every individual averaging kernel is localized and
reasonably Gaussian-shaped for a given selection of inver-
sion parameters. Therefore, we cannot reliably use the pre-
scribed size of the target kernels T™) to examine resolution
on a global scale.Instead, resolution lengths should be quan-
tified consistently for all averaging kernels and independent
of the respective target form of T®). In addition, it needs
to be determined whether the resulting length estimates are
meaningful in the given context, while bearing in mind the
possible complexity of the averaging kernels. A robust quan-
tification and interpretation of the resolution information
contained in tomographic inversions thus requires two indi-
vidual tools: the concept of resolution lengths together with
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a classification scheme for the quality of the averaging ker-
nels.

4.1 Gaussian estimates and resolution lengths

Owing to our choice of target kernels in the form of 3-D
Gaussian functions, it is useful to independently determine
also a best-fitting 3-D Gaussian for each averaging kernel in
order to quantify resolution lengths. A general 3-D Gaussian
parametrization is given by (see also Fichtner & Trampert
2011)

N*a® a?

M) = WXeXP[_3(TI—N’)T071(I‘I—NI)]

where the position r’ and mean vector u’ are defined in
the same local Cartesian coordinate system used for the
target kernel T™) in eq. (6). Any non-zero mean location
p’ implies that the centre of mass of the averaging kernel
is displaced from the target location (this is called ‘dis-
tortion’ by Fichtner & Trampert 2011). The scaling fac-
tor N* represents the total mass of the Gaussian. We in-
clude N* to facilitate finding suitable resolution length es-
timates (given by the half widths w,/ ,/ ./) that better re-
flect the averaging volume around the main peak of A®).
The covariance matrix C describes the spatial extent and
rotation/tilting of the Gaussian in the local framework
and incorporates the half widths w, ./ .- and parameters
for correlation pgryr, pyr.r and pys.. The complete set of
parameters for estimation would thus be given by p =
(N7, par s oy s oz s W s Wyt s Wety Pty 5 Pa’ 27 py’z’)' By using
the full set of correlation parameters, one could therefore
also extract from the averaging kernels minimum/maximum
resolution lengths in any necessary direction.

For global comparisons of averaging length scales with
respect to the uncorrelated target kernels that we have cho-
sen, it might in fact be simpler for interpretation, but not
less informative, to focus only on specific directions. To this
end, we can neglect the correlations and simplify eq. (7) to
get a Gaussian parametrization in the following form:

* 3
g(lc)(x/7 y/, Z/) _ : N*a %
(27‘()5 C Wyt - Wy - Wy

2 / 2 / 2 / 2
a (@ —p) | W —py) | (' —p)
exp [_? < wi/ + wz,y + wz/ } .

(8)

The reduced set of parameters for estimation is given by
P = (N", for, flyr s s, W, Wy, W, ), from which we obtain
information on the shift of the centre of mass p’ of A®) away
from the target location and resolution lengths w,s ./ ./ in
the three directions defined by the local Cartesian frame.
Fitting is performed by using the Levenberg—Marquardt
algorithm for solving the weighted least-squares problem

arg min E V; (A;k) — g(k)(r/]‘;p))2 ) 9)
b ,
j

using the volume V; associated with each j-th grid node.
For a practical initial guess, we use the specifications of the
corresponding target kernel T™® at the location of interest.
As a remark, other parametrizations are possible that could

(7
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approximate even more accurately the shape of averaging
kernels. Fichtner & Trampert (2011) pointed out that Gram-
Charlier expansions can be used to that end. These make it
possible to approximate functions, or more strictly distribu-
tions, like the averaging kernels from a series of their cumu-
lants (e.g. mean, variance, third central moment and more
complicated quantities at higher orders). While this can lead
to more accurate approximations of the complete function,
Fichtner & Trampert (2011) suggested that from a practical
point of view, these expansions might not always offer more
physically interpretable information than the plain Gaus-
sian approximation itself. However, these and other suitable
parametrizations may be required for analysing functions
that are vastly different across the model domain, such as
kernels for the trade-off between different physical model pa-
rameters (which is not the case for the A®) with Gaussian
targets T™) in this study).

The difference between the two Gaussian parametriza-
tions g““) and §<k) is visualized schematically in Fig. 6. The
semi-axes of the ellipse at half the maximum are the es-
timated resolution lengths w, .+ (+w, in the actual 3-D
ellipsoid), that can be compared to the target widths wy,v.
These estimates, as well as the remaining parameters in p,
may differ slightly between the two parametrizations. The
largest mean absolute deviation between g(“ and g““) we
found for any length estimate and given parameter combina-
tion is ~16 km. However, in case of kernels with reasonably
good target fits these differences are small, and we noticed
that on global scales, the choice between uncorrelated and
correlated Gaussian has only a minor effect (see supporting
material). A remaining problem is the identification of com-
plex averaging kernels that cannot be well approximated
by either of the Gaussian parametrizations. We therefore
propose a practical strategy to deal with this issue in the
following section.

4.2 Kernel classification based on the ‘focus’

For a robust interpretation of the resolution informa-
tion, one needs to know for every target location whether
the Gaussian-based estimates of resolution length actually
relate well to the shape and mass of the averaging kernel
(i.e. the integral over A® for a given volume). Since the
centre of §*) is an estimate of the centre of mass in A%,
the (main) peak regions of both functions should by design
overlap. If we can measure, by comparison of the masses
of the two kernels, if this is actually true for a given tar-
get location, it would allow us to quickly identify for which
choices of the trade-off parameter n and target resolution
the resulting averaging kernels deviate significantly from a
Gaussian.

To get a diagnostic tool for this specific problem, we
develop in the following a global classification scheme for
the averaging kernels, measuring their quality with respect
to the best-fitting Gaussian §*). First, it is necessary to
define the actual volume of the peak region of §*, for which
we can draw inspiration from the simpler 1-D case. For a
1-D Gaussian function, 76 per cent of the total area lies
within +w), the half width at half maximum (our measure for
resolution length), around the mean. In higher dimensions,
however, this well-known concept does not hold. In fact, the
integrated mass of §** within the 3-D ellipsoid given by the
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three half widths at half maximum w, . . (respectively the
inner ellipse in Fig. 6) defined by
p— IJ/ 7 2
£ <1 10
w,r ) - } ( )

(GORC-ORIE
— ] + +

Wy Wy

covers merely ~29 per cent (if w,s = wy, = w,s) of the to-
tal mass of the Gaussian. The exact value also depends on
the specific half widths in each direction, and thus may vary
for different §®). Since the SOLA kernels determine average
values in volumetric regions, we consider 29 per cent of the
total mass to be insufficient to properly describe the char-
acteristics of A®). Therefore, we aim to reproduce the 1-D
convention, with roughly 76 per cent of the total mass, for
the 3-D situation here as well. This can be achieved by scal-
ing up the ellipsoid in eq. (10) and replacing the wg/ 4/ ./
with the corresponding half widths at one-eighth maximum
from the best-fitting Gaussian §*) (the outer ellipses in Fig.
6). In practice, we determine the ellipsoid by evaluating g(’“)
directly on the tomographic grid and including all nodes that
hold values larger than one-eighth of the maximum (taken
from the continuous function). The absolute mass g§§> in-
side this spatial domain E® then approximately represents
76 per cent of the total mass (gg’;) + ggii) The exact nu-
meric value, however, may still differ by a few per cent of
the total mass depending on the size and location as well
as on the error from evaluation on a discrete grid. Having
formulated an expectation on the volume and mass g§,’? of
the peak region, we can then separate the mass contribution
of the associated averaging kernel A®) within and outside
the ellipsoid E®):

/ AW () &Pr + / AW (x) dr = 1.
r’eE(k) v’/ ¢ E(k)

A0

in

Note again that the total mass of A® is equal to 1 in the
SOLA method owing to the unimodular condition in eq.
(4). Generally, both Al(.fl) and A,(Ji)t include positive as well
as negative kernel values. However, the negative contribu-
tions to Agﬁ) were found to not exceed 2-3 per cent for any
averaging kernel that we computed. For more than ~80 per
cent of all averaging kernels, negative values in Agﬁ) are <1
per cent and vanished completely for ~8-25 per cent (de-
pending on the specific T and n). We then define the
‘focus’ ¢ of the averaging kernel based on the mass ratio of
A% and g}gs) as

in

k ~(k k) /A(k ~(k
£ = ALY / o _ AR (a5 + 95e) .
AG +AG ) \ak + ab at

(12)
The normalization with the total mass (QE? + g™y of g
within the model domain allows one to take into account
possible errors through discretization (for the absolute val-

ues of gf’j) and ellipsoids E®) that are intersected by the
surface. Using these relative mass contributions is helpful
because it makes & a uniform metric for all A®). In case
that the unimodular condition for A®) (eq. 4) is not ful-
filled, e.g. when using other kernels that are not derived by
a Backus—Gilbert type inversion, one should modify the fo-
cus £ and normalize Agi) also with the total mass of the
averaging kernel (i.e. one should use the more general ex-



650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

698

699

700

701

702

703

704

705

706

707

708

10 Freissler, Schuberth, Zaroli

pression of £ in eq. 12). To finally classify the quality of the
averaging kernels, we define 5 categories for &:

e £ < 0.5, ‘Not Focused’:
AW g hardly focused and likely degraded by multiple peaks
or strong side lobes, often due to either individual finite-
frequency kernels dominating the averages or strong sensi-
tivity in the upper mantle;

e &> 0.75, ‘Sufficient (Suff.)’:
Threshold between acceptable and unacceptable kernel fit
with respect to §); ensuring that all sufficient AE? are at
least more concentrated inside the Gaussian ellipsoid F ()
rather than outside of it;

e 09<¢< 1.1, ‘Good’
Deviation of AZ(.Z) from the ideal case is less than 10 per cent;

o £ =1, ‘Ideal’:
Relative mass contributions of A®) and §*) within ellipsoid
E®) are equal;

e &£ > 1.1, ‘Highly Focused’:
A™ is more peaked, i.e. has significantly more mass within
the ellipsoid E® than §*).

This classification with the focus can be seen as a heuristic
tool for deciding on the quality of the kernels, since a rela-
tive redistribution of the mass of A® to outside the peak
region is clearly associated with a decrease in £. Therefore,
although these focus categories do not fully characterize the
detailed shape of a specific averaging kernel, they yet pro-
vide a basic way to test whether the Gaussian approximation
is locally plausible. The classification scheme also gives an
indication for the fit to 7™ if §**) is not shifted or broadly
stretched beyond the target resolution length. This is be-
cause averaging kernels that agree well with g}(’“) tend to be
also centred.

4.3 Examples for resolution quantification and
classification

Before we apply the previously introduced methods on a
global scale (see Section 4.4), we demonstrate more explic-
itly how they act together to describe resolution. Therefore,
instead of averaging kernels that are obviously Gaussian-
shaped (see Fig. 5), we consider two less-intuitive examples
in Fig. 7. Again, we employ a high-resolution and a low-
resolution setup (Figs 7a and 7b, respectively). Unlike the
averaging kernels, the functions §®) are defined beyond the
mantle domain V', and the associated Gaussian ellipsoids
for the focus £ (at max/8) may thus come close to or ex-
tend through the surface. As a consequence, the best-fitting
Gaussian §® in Fig. 7(a) can yield a vertical half width w.
of 322 km that is considerably larger than the target length
of wy = 200 km. The estimated resolution lengths in hor-
izontal direction of 370 km and 340 km (North-South and
West-East, respectively) are as well somewhat larger than
the actual target length of wy = 300 km.

The averaging kernel for the low-resolution case in Fig.
7(b) is even more complex. It exhibits localized smearing
of uppermost mantle structure from individual data ker-
nels, and several distinct local maxima in and outside the
target region. Resolution lengths estimated by g““) are in
horizontal direction 890 km and 864 km (North-South and
West-East) and in vertical direction 459 km. They are thus
horizontally narrower but vertically larger than the target
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lengths of wy/v = 900/400 km. There is also a consider-
able shift of the centre of §® from the target location of
p' = (—66,—97,—106) km, which might not be expected by
merely inspecting the cross-sections at these azimuths. Over-
all, it is at least debatable whether the best-fitting Gaussian
™ is an adequate approximation in this case. For the A%
in Fig. 7(a) we obtain a focus value { = 0.89 (i.e., certainly
‘sufficient’ and almost in the range of ‘good’ kernels), mean-
ing that although the target shape is not fully matched, the
best-fitting Gaussian §*) can be used with confidence for
describing local resolution lengths. The averaging kernel in
Fig. 7(b), however, is classified as insufficient, with a fo-
cus value £ = 0.62 suggesting that maxima present outside
the ellipsoid E*) may have a significant impact on the cor-
responding model estimate for the average value. Further
resolution estimates and focus values £ for the averaging ker-
nels in Fig. 3 can be found in the supplementary material.

4.4 Global classification of resolution

The results of our kernel classification on a global scale,
for all previously used combinations of the trade-off param-
eter 1 and the target kernels T®) | are visualized in Figs
8 and 9. As expected, we find overall a larger number of
Gaussian-shaped averaging kernels at smaller values for 7.
The percentage of acceptable A®) (¢ > 0.75) is shown above
each map, varying between 8-79 per cent at 595 km and
34-91 per cent at 1210 km depth. While there is a strict
trend of fewer acceptable averaging kernels towards higher
7, this is not necessarily the case when increasing the size
of T™ . The largest number of acceptable kernels is actually
obtained for the intermediate target kernel size with wg /v
= 600/300 km using 11 (left column in Fig. 8). Consistently
fewer acceptable kernels are found for the target resolution
of wy v =900/400 km. Note that this difference between the
target sizes does not imply that model averages are better
constrained at the smaller scales rather than at large ones
as we are not investigating the resolving power itself here,
but the appropriateness of the Gaussian approximation. In-
stead, the classification maps suggest that one could lower
the trade-off parameter n even further and obtain a larger
number of Gaussian-shaped averaging kernels also for the
larger target sizes. ‘Highly focused’ kernels (i.e. £ > 1.1), are
only observed for the HR inversion (Fig. 8, top left panel)
at a few target locations east of Hawaii. This category sug-
gests that narrower Gaussian estimates §® may be possible
in those cases and the associated resolution lengths could
then be regarded as upper bounds of the size of the corre-
sponding A®). Alternatively, increased focus values could in
some cases be explained by an overshooting local maximum
at the peak combined with pronounced negative kernel val-
ues outside the peak region . The trend in Fig. 8 then also
suggests that a larger value for 7, with consequently lower
model uncertainty, can be chosen locally if such a highly
focused A is not desirable (note again that the trade-off
parameter can in principle be chosen for each target location
individually). Given all the combinations of T*) and 7 that
we tested, a consistent classification of ‘sufficient’ and better
is only possible in a few regions of excellent data coverage
in the Northern Hemisphere.
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Figure 7. Averaging kernels A®%) and their best-fitting Gaussians §*) using (a) the high-resolution setup (ny, ') with horizontal and
vertical extent wy v = 300/200 km), below Western Australia and (b) the low-resolution setup (73, T with wgyv = 900/400 km),
below Venezuela. Both target locations and the corresponding lateral cross-sections are at 595 km depth. Vertical cross-sections are
marked by blue and yellow dots. Larger dots specify the negative direction for the local coordinate system in which resolution lengths
and shifts of the centre are quantified. Additionally, the value for the focus £ is shown, which serves as a metric for quantifying the
appropriateness of §(*) (see Section 4.2).

5 GLOBAL RESOLUTION & UNCERTAINTY 70 tween 316-329 km across all trade-off values and with in-
MAPS 71 creasing values of 7, one can see a clear progression towards

792 larger vertical extent of the averaging kernels. Minimum-

The tools presented in the previous section allow us to in- 73 maximum values of vertical resolution for each target size
spect the resolution lengths for the varying tomographic pa- 74 wyv = 200, 300, 400 km are 211-501 km, 321-521 km and
rameter setups, in connection with a basic test of the validity 7s 416-534 km, respectively. The maps therefore show that the
of the Gaussian approximation. On a global scale, this has 76 vertical target length only is approached in regions of high
the power to reveal concisely the impact of the different in- 77 data coverage, but overall cannot be reached by any ‘suf-
version parameters on resolution. In combination with the 7 ficient’ averaging kernel. Numerous AR deviate strongly
propagated model uncertainties o, (x), which are straightfor- 70 (>100 km) from the vertical target resolution in Fig. 10,
wardly calculated with the SOLA method (see eq. 5), this so but they do not all necessarily fall in the category of ‘insuf-
also makes it possible to uncover the locally varying trade- so: ficient’ averaging kernels (e.g. beneath the North Pacific).
offs between resolution and uncertainty. To illustrate this, we s2 This means that a useful Gaussian §® was obtained, al-
show global maps of the estimated resolution lengths for all ss though a more accurate fit to the target kernel T® could not
inversion parameter combinations in Figs 10-13. We apply s be achieved at these locations. We chose to additionally indi-
our classification scheme to mask all ‘insufficiently’ focused s cate the non-Gaussian A™ as shaded areas to roughly anal-
averaging kernels in these maps. In addition, the mean and s yse the range of estimated lengths there, even if they are less
standard deviation of all resolution lengths, given by averag- s reliable. The vertical resolution lengths in those regions are
ing kernels classified as ‘sufficient’ and better, are specified sz in fact often in line with surrounding acceptable AP but
above each map. g0 may as well be anomalously low or high, quite strikingly for
sio  instance around the East Pacific Rise (we analyse an exam-
su1  ple for this region in more detail in Section 6.1). An opposite
sz trend can be observed in the mid-mantle at 1210 km depth
s13  in Fig. 11, where the prescribed target lengths are overall

For vertical resolution estimates at 595 km depth, one
can observe a strong variability for the case with target
lengths of wy, v = 300/200 km (Fig. 10, top row). At this
target size, the mean vertical resolution length ranges be-
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Figure 8. Classification of averaging kernels based on the focus £ at a depth of 595 km depth for different target resolution lengths and
trade-off parameters 7. Blue colours mark averaging kernels that are sufficiently (‘Suff.”) well approximated by the best-fitting Gaussian
(%) meaning that resolution length can be robustly extracted from §*). ‘Good’ averaging kernels are subdivided in at levels of & =
0.9, 0.95, 1.0, 1.05 to reveal their deviation from the ideal case in more detail. Red colours accordingly indicate more complex averaging
ke(rnels A() that are often affected by strong kernel side lobes. Percentages above the maps display the relative amount of acceptable
AR,
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Suff. Good Ideal
Not Focused Highly Focused

Figure 9. Classification of averaging kernels based on the focus £ at a depth of 1210 km.
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Figure 10. Vertical resolution lengths of the averaging kernels at 595 km depth, as estimated from the best-fitting Gaussian §(*). Shaded
areas mark the regions where the classification from Fig. 8 indicates that the A®*) are insufficiently Gaussian-shaped and that resolution
length must be interpreted with caution there. Mean values and standard deviations of the resolution lengths of all ‘sufficient’ averaging
kernels are given above each map. Contour lines are drawn at 200, 300, 400 and 500 km.
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Figure 11. Vertical resolution lengths of the averaging kernels at 1210 km depth. Same as Fig. 10 with shaded areas given by Fig. 9.
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Figure 12. Longitudinal resolution lengths of the averaging kernels at 595 km depth, as estimated from the best-fitting Gaussian §(¥).
Same layout as Fig. 10.
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Figure 13. Longitudinal resolution lengths of the averaging kernels at 1210 km depth. Same layout as Fig. 11.
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fitted well on a global scale. At this depth, the mean values
of the estimated vertical resolution lengths are however of-
ten smaller compared to their target, and the full range of
estimates is 176-239 km, 261-336 km and 351-423 km for
wy = 200, 300, 400 km, respectively.

Maps of longitudinal resolution lengths for the same
depths are shown in Figs 12 and 13. The global mean values
for each selection of wy,v and 7 as well as the associated
distributions of longitudinal resolution lengths are quite sim-
ilar at both depths. The respective target lengths are well
approached in many regions. At 595 km depth, minimum-
maximum values of longitudinal resolution for the different
target resolutions wy = 300, 600, 900 km (again across all
values of 1 and for all ‘sufficient’ and better averaging ker-
nels) are 253-673 km, 495-826 km and 778-1082 km, respec-
tively. At 1210 km depth, a larger number of ‘sufficient’ aver-
aging kernels relative to the total number per layer is found.
Still, the corresponding ranges are slightly narrower with
minimum-maximum values of 293-581 km, 560-778 km and
828-1104 km. Fairly similar maps and trends can be found
for the estimated latitudinal resolution lengths (shown in
Appendix C, Figs C1 and C2 ).

To complete the results for our tests of SOLA inversion
parameters, we show the associated global maps of prop-
agated model uncertainty o, ) in Figs 14 and 15. As in-
tuitively expected, the uncertainty increases systematically
with lower values of 7, but also with smaller target sizes. A
possible reason for this could be that fewer finite-frequency
kernels interact within the smaller target kernel volume in
this case. The highest global mean and largest variability
thus correspond to the HR inversion setup (n1, wn/v =
300/200 km) with o, (x) = 0.668 £ 0.138 % at 595 km depth,
and 0.478 + 0.112 % at 1210 km depth. For the largest target
kernels with wg /v = 900/400 km, the model uncertainties
are vanishingly small. This indicates that lower values for
1 should be chosen at larger target scales compared to the
best choice of 17 at smaller target resolution. Overall, there
is no strict pattern emerging for the variability of the model
uncertainty with respect to the associated resolution length
estimates. Instead, one can observe regions of reduced o, ()
both where the potential for overall high resolution is ob-
served (e.g. around Japan, with ‘ideal’ focus), but also where
our classification tool suggested a poor Gaussian approxima-
tion of the averaging kernels.

6 DISCUSSION

6.1 Role of the Gaussian approximation

As shown in Section 4, an approximation of the averaging
kernels A% by some parametric function is crucial for deter-
mining their resolving power shown in our global resolution
maps. In this respect, Gaussian functions are a convenient
choice and serve as a tool for both estimating resolution
lengths and for identifying kernels of more complex shape
and consequently low focus. Earlier studies have also relied
on the Gaussian approximation in order to parametrize the
resolution matrix (An 2012) or the point-spread functions
based on the Hessian matrix (Fichtner & Trampert 2011)
prior to the actual inversion step. In contrast to this earlier
work, we computed entire sets of averaging kernels without
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additional assumptions on their structure, and tested sub-
sequently if a reduction of their complexity in the form of
a Gaussian parametrization is warranted. Although using
the SOLA method and targeting Gaussian-shaped averag-
ing kernels here, it was not possible to obtain robust res-
olution proxies from the kernels at every location and at
reasonable levels of uncertainty (highlighted by the classifi-
cation in Figs 8, 9 and uncertainty maps in Figs 14, 15). We
therefore suggest that our concept should be applied to new
datasets, including hypothetical ones, also to investigate po-
tential improvements in resolution resulting from additional
seismic stations at new locations.

The reliability of our resolution length analysis, includ-
ing the computation of the kernel focus &, clearly depends on
the quality of the individual Gaussian approximations. For
example, an irregular feature was discovered by the classi-
fication scheme at a depth of 595 km (Fig. 8), suggesting
strongly non-Gaussian averaging kernels around the East-
Pacific Rise. Across this region, the kernels are insufficiently
focused and show notably low estimates of vertical resolu-
tion lengths for all inversion parameter combinations (Fig.
10). In Fig. 16, we provide an example of such a kernel using
m and target lengths wy, v = 300/200 km (i.e. the ‘high-
resolution’ scenario). It is strongly shifted to greater depths
with respect to the target location by about 190 km, as es-
timated from the centre of the best-fitting Gaussian. While
the Gaussian appears to fit this kernel well at the level of
the half width at half maximum, the low value for the fo-
cus of £ = 0.25, however, suggests a poor approximation.
This is mainly due to elevated averaging values and oscil-
lations of the kernel outside the plane of the cross-section
(indicated for example by the local maximum visible in the
lateral cross-section in Fig. 16). The estimated resolution
lengths may thus still be reasonable even for these complex
kernels, while the focus successfully points out their inade-
quacy for describing comprehensively the resolution charac-
teristics. Again, this demonstrates why the computation of
resolution lengths from 2-D cross-sections can be potentially
misleading. A more robust assessment of resolution lengths
for these complex scenarios instead requires some combina-
tion of accurate estimates, based for example on the 3-D
Gaussian parametrization, and a classification that we real-
ize using the concept of ‘focus’ here. Our analysis illustrates
that both together are a useful way to extract the relevant
information on resolution reliably from a large set of aver-
aging kernels.

6.2 Implications for SOLA tomography

A key result of Zaroli (2016) was that choosing a constant
value for the trade-off parameter n per layer can produce
coherent SOLA tomographic images (i.e. showing geody-
namically interpretable large-scale features) with bounded
uncertainty on a global scale. In contrast to Zaroli (2016),
in which spheroidal, constant target functions of variable
size adapted to an irregular data-driven grid were used, we
chose a laterally (almost) equidistant model parametriza-
tion and tested a homogeneous Gaussian target kernel size
consistently at all model locations. Our results show that,
for a given selection of inversion parameters 7 and T®  the
model uncertainties o, v from propagated data errors may
have a low variability across all target locations. This sup-
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Figure 14. Propagated model uncertainty o (x) at 595 km depth for different target kernel sizes and trade-off parameters. Dashed
contour lines are only drawn at the values shown in the colour bar. Values above each map show the global mean + standard deviation.

Increasing @l @l @

trade-off parameter
0.478 + 0.112 0.298 = 0.027 0.146 + 0. 010
Target R N
resolution

0160+0021 0105+0012

600/300)

(hor./vert.)
[km]

Propagated uncertainty [dIn(vs) in %] 11210 km depth|

0 01 02 03 04 05

Figure 15. Same as Fig. 14 (model uncertainty Um(k)) at a depth of 1210 km.
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Figure 16. Example of a poorly centred averaging kernel A)
in the vicinity of the East-Pacific Rise for the high-resolution
inversion setup (71, target resolution wg/wy = 300/200 km).
The lateral cross-section at 595 km (top plot) does not reveal
the main peak due to its vertical shift of about -190 km and the
limited vertical half width of 105 km. The kernel is insufficiently
focused (¢ < 0.75), which implies that its best-fitting Gaussian
is not representative for the complete averaging volume. Ellipses
and contour lines are explained in Fig. 7.

ports the notion that, from the perspective of error propa-
gation, it is indeed viable to use one single trade-off parame-
ter (e.g., here 12 with the current dataset) per tomographic
layer. In previous applications of the SOLA method it has so
far not been clear, however, whether the averaging kernels
also reasonably fit the target kernels T®) at a given level
of uncertainty. The classification scheme developed here of-
fers additional guidance in this regard by making it possible
to assess the quality of the averaging kernels with respect
to a best-fitting 3-D Gaussian instead of the target kernel.
For certain research questions it might be further on de-
sirable to obtain global tomographic models with different
characteristics, favouring either high-resolution, uniformly
good ‘focusing’ of averaging or resolving kernels, low uncer-
tainty o, (x), or a regionally variable mix thereof. It is, for
example, not clear whether geodynamic inversions that aim
at retrodicting past mantle evolution would benefit from ei-
ther homogeneous tomographic resolution or from homoge-
neous model uncertainty (see e.g. Colli et al. 2020). This in
turn requires the joint adaptation of target kernels 7®) and
trade-off values 77<k) for every individual parameter location.
Such an analysis is beyond the scope of the current study,
but can readily be tackled with the tools developed here.
For the given shape of the target kernels in terms of a Gaus-
sian, we have demonstrated that it becomes clear from just
a few inversions, which range of values for n(k) is practically
relevant and whether another size or shape for the target
function 7™ should be employed. This empirical procedure
is necessary because no automatic criterion or rule exists to
determine the ‘ideal’ SOLA inversion parameters at every
target location without excessive testing. For global appli-
cations, this would be computationally prohibitive. The joint
analysis of model uncertainties o, (xy and the focus &, which

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

982

983

984

985

986

987

988

989

990

991

992

993

994

995

996

997

998

999

1000

1001

1002

1003

1004

1005

1006

1007

1008

1009

1010

1011

1012

1013

1014

1015

1016

1017

1018

1019

1020

1021

1022

1023

Resolution in global seismic tomography 17

we used to set up the classification scheme for the averaging
kernels, in comparison, is practically viable and provides es-
sential information for selecting useful local combinations of
T® and 77<k), globally.

7 CONCLUSIONS

We have presented a practical concept and its application
for the assessment of resolution and uncertainty of tomo-
graphic images on a global scale. It is based on: 1) explicitly
available averaging kernels and uncertainties, here enabled
by the SOLA method, 2) a 3-D Gaussian parametrization
of the averaging kernels for estimating resolution lengths
consistently, and 3) a classification scheme for identifying
regions where the Gaussian approximation may not accu-
rately represent the spatial averaging. Through this combi-
nation, it is possible not only to investigate and visualize
the resolution information for all the averaging kernels to-
gether, but also to indicate in a straightforward fashion in
which regions the results can be reliably interpreted. At the
same time, it shows in which locations specific care must
be taken, for example where individual analysis of the local
resolving power of the given dataset may be advisable.

Instead of interpreting model values, we employed the
approach presented here for testing various combinations of
SOLA inversion parameters in terms of their effects on fi-
nal resolution and uncertainty, as there is no formal way to
determine any ‘ideal’ setup. Our analysis shows that only
a few inversions are required for a given realization of the
target kernels to pinpoint whether their size or shape needs
to be adapted and which range of values for the trade-off
parameter is useful. This in turn is important for effectively
selecting the proper combinations of these parameters at
each target location in case of specific requirements (e.g.
tuning towards more homogeneous resolution or more ho-
mogeneous model uncertainty). Finally, we emphasize once
more that the general analysis performed here as well as the
classification scheme are not restricted to the setup based
on SOLA. They can also be applied to the closely-related
resolution concept for point-spread functions, in case they
are explicitly available.

In summary, the analysis with our tomographic frame-
work revealed conclusively that resolution lengths from the
SOLA method can be primarily tuned by the choice of tar-
get kernel size, and only to a lesser extent by the trade-off
parameter. Despite this design control, a good focusing of
the averaging kernels (i.e. adequacy of the approximation
with a Gaussian) cannot be guaranteed on a global scale
with the data and possible inversion setups employed here
(especially for a target resolution going down to ~300 km
horizontally and ~200 km vertically). Most notably, as ex-
pected with body waves, one has less control on vertical
than on horizontal resolution length, especially at shallower
depths in the mantle. However, a laterally homogeneous
distribution of uncertainty is generally possible by choos-
ing locally varying trade-off parameters. Additionally, the
SOLA uncertainties remind us that even if averaging ker-
nels or point-spread functions with high resolution could
be obtained everywhere with specific regularization choices,
the estimated model may be highly speculative in regions of
poor data coverage. It is for these reasons that a proper and
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coherent quantification of resolution and model uncertainty
is of critical importance, since this is a prerequisite to better
inform independent geophysical studies that rely on global
tomographic images.
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APPENDIX A: USING BACKUS-GILBERT
THEORY FOR TOMOGRAPHY

In the original theory, Backus and Gilbert propose to con-
struct optimal kernels A(k)(r) by approximation of a delta
peak d(r — r®) in terms of a specific deltaness criterion
(Backus & Gilbert 1968), for example by minimizing the so-
called spread (Backus & Gilbert 1970). For a perfect delta
peak, the linear averaging in eq. (1) would simply show that
m® ~ m(r®), which is however only possible if the data
were complete and free of errors. Instead, one will typically
need to accept A®)(r) that deviate from §(r — r®), due
to the available set of data kernels K;(r), and in order to
moderate the propagation of data errors into the inferred
averages. A tomographic model would then consist in a col-
lection of M local averages, m® for k = 1, ..., M. Rewriting
eq. (1) in a discrete notation with volumetric weights V; ap-
propriate for each j-th grid node as

ﬁl(k) = ZAgk)V]‘m]’ = ZRkjmj 5 (Al)
J J

one can see that the averaging kernels projected onto a dis-
crete model parametrization represent a single row of the
resolution operator Ry.. The operator R can then be used
to retrieve information on the resolution for a specific model
parametrization, while A®)(r) essentially refers to the lo-
cal resolution for the continuous model m(r®) (Trampert
1998). Theoretically, however there is no need to discre-
tise the model, as the Backus—Gilbert approach essentially
solves a continuous inverse problem. This can be exploited
fully for example by the ‘parameter-free’ SOLA approach
(Zaroli 2019), while in the present paper we still make use
of the discrete formulation as described in Zaroli (2016). A
noteworthy limitation is that the theory does not guarantee
that the collection of averages together actually explains the
data. We tested this for our class of models that use only
body waves at the moment, and we observed that the global
misfit reduction can actually be comparable to and some-
times even be better than in classic damped-least squares
inversion with model norm damping. However, the question
of data misfits in SOLA tomographies, especially for differ-
ent inversion parameter choices, might be a relevant subject
for future investigations.
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APPENDIX B: EFFICIENTLY SOLVING THE
SOLA B-G SYSTEM

Zaroli (2016) explained how (the discrete version of) the
SOLA optimization problem in eq. (3) can be solved together
with the unimodular constraint eq. (4) using a least-squares
approach. Therefore, the SOLA system can be rewritten in
the following fashion (see Appendix A1, Zaroli 2016):

{ Q(”?) ]&(k) B {y(km}
nIn_1 On—1
Both the matrix Q" of size (M+1) x (N-1), and the right-
hand side y*™, which incorporates the target kernel, de-
pend on the choice of a particular trade-off parameter 7.
The complete solution x*) can finally be recovered from
%®) (the intermediate solution in eq. B.1). Considering our
tomographic grid and dataset, in each inversion we need to
solve for the Backus—Gilbert coefficients x® with a SOLA
system matrix QM of size 153,324 x 79,764 (~2 per cent
non-zero elements, ~2 GB). As one needs to perform a single
inversion for every grid node, computational costs for empir-
ically testing inversion parameters can thus quickly become
prohibitive. The SOLA method has the computational ad-
vantage that the left-hand side of the corresponding linear
system in eq. (B.1) is independent of the target location r(k),
i.e. for a given n the SOLA system matrix QM does not
change. This enables perfectly parallel computation over all
M model parameters. To this end, one could simply increase
the number of processors P at the cost of having to store 2 - P
times the SOLA system matrix Q. This obviously becomes
problematic if the available computing system is limited in
RAM, especially if the tomographic systems become even
larger than the ones considered in this study. Alternatively,
using improved parallel solvers based on LSQR (Huang et al.
2013; Lee et al. 2013) or using instead efficient direct meth-
ods (Bogiatzis et al. 2016) are other possible options that
we considered and list here for documentation. We decided
to solve eq. (B.1) by using a GPU version of the algorithm
LSMR, (Fong & Saunders 2011). We use LSMR as imple-
mented by Krylov.jl (a package of selected Krylov meth-
ods written in the programming language Julia, see Mon-
toison & Orban 2023), where, conveniently, no significant
code changes are required compared to the CPU version.
Once the GPU compute kernel is compiled, different left-
hand sides y*" can be asynchronously copied from a CPU
to the GPU and solution vectors can be efficiently recovered
for each run without additional time spent for data trans-
fer or solver setup. This way, performing the inversion for a
single model parameter in our computations was about 50—
100 times faster on the GPU (using double precision) com-
pared to a single CPU. Also, this only requires that Q"
a large but highly sparse matrix, fits twice into GPU mem-
ory. As a remark, LSMR is recommended to be used over
LSQR by Fong & Saunders (2011) if iterations have to be
stopped early. This could theoretically be exploited to keep
the solver time limited in case a reasonable maximum num-
ber of iterations for all inversions globally is found. However,
we have not drawn on this here and relied on the stopping
criteria suggested by Fong & Saunders (2011). For a given
trade-off parameter 7, we found that the time to solution
was practically constant for all model parameters and over-
all increased roughly by a factor of 2 for an equal decrease

2
(ko)

(B.1)

= arg min
(k)
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in n (i.e. solutions for 71 = 5 took about twice as long as for
12 = 10). The use of GPUs therefore proves to be very use-
ful for SOLA inversions with a least-squares approach and
can greatly reduce the time required for computing a com-
plete model with M parameters. As a final note, we used 2
NVidia RTX A5000 in this study, but modern GPU clusters
and supercomputers often feature many more units. From a
computational point of view, it should thus be straightfor-
ward to use larger grids and datasets with the SOLA method
than presented here.

APPENDIX C: ADDITIONAL GLOBAL
RESOLUTION MAPS

To complete the global analysis, we show additionally the
estimated latitudinal resolution lengths in Figs C1 and C2.
Plots for the horizontal and vertical shifts of the centres of
mass of the averaging kernels can be found in the supple-
mentary (online) material, as well as comparisons between
the uncorrelated and correlated (i.e. including rotation) 3-D
Gaussian estimates.
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Figure C1. Latitudinal resolution lengths of the averaging kernels at 595 km depth, as estimated from the best-fitting Gaussian §(¥).
Same layout as Fig. 10. As shown in the main text, shaded areas highlight regions of low ‘focus’ (i.e. the Gaussian is inadequate to
reliably estimate resolution length for the averaging kernel).
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Figure C2. Latitudinal resolution lengths of the averaging kernels at 1210 km depth. Same layout as Fig. 11.



